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Abstract

By using Ramanujan’s g-extension of the Euler integral representation for the gamma function, we derive
the Mellin integral transforms for the families of the discrete g-Hermite II, the Al-Salam—Carlitz II, the big
g-Laguerre, the big g-Legendre, the big g-Jacobi and the g-Hahn polynomials.
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1. Introduction

Mellin integral transforms for some families of basic hypergeometric polynomials from the Askey
scheme [15] were considered in [7]. Derivation of these Mellin transform pairs is essentially based
on the use of Ramanujan’s g-extension [17,4,5] of the Euler integral representation for the gamma
function
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and E,(z) is Jackson’s g-exponential function
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where (5)=n(n—1)/2. We employ the standard notation of the g-special functions theory, see, e.g.
[12] or [2]. In particular, the g-shifted factorials are given by

n—I1 0
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and we will use the notation
ar,....d — (aiq) - (anqh 2 (Tt
¢ g,z | = (=g, 4)
"\ b,....b, (b (0 @i (39D

for the basic hypergeometric series.

It is well known that Ramanujan evaluated a number of integrals that extend the classical beta
integral of Euler (see [17,13,4—6]). These integrals have associated orthogonal polynomials that
have played a significant role in the development of the g-special functions theory. Ramanujan’s
now classical g-extension of the beta integral of Euler is

/00 xCEq(qb+cx) dr— L()I(1 =), (b)
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Formula (1) is an easy consequence of (5) and the limit relation
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when the change of variables x = (1 — ¢g)¢ is made.
It was shown in [7] that by using a g-analogue of Euler’s reflection formula

g (1 —g)(g:9)%
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01(z,q) is the theta-function of Jacobi, one can represent (1) in the form

=g /OO £ dt
) = {57 na gy MO (6)
where ¢,(x) is some periodic factor, i.e., ¢ ,(x +n)=c,(x) for any nonnegative integer n (an explicit
form of ¢,(x) can be found in [7]). It should be emphasized that this formula is simply Jacobi’s triple
product identity for the theta-function 0,(z,¢), rewritten in terms of the g-gamma function I',(z).
The observation that Jacobi’s triple product identity is a g-analogue of Euler’s reflection formula
for the gamma function I'(z) was known to Andrews and Askey since “the 1975-1976 academic
year”. Unfortunately, they never published anything about this fact. Besides, Askey believes that this
observation “is due to George Andrews” (see the very end of [3]), although Andrews comments
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that “Dick modestly attributes it to me; this is more a measure of his generosity than his accurate
memory” (e-mail communication, November 16, 2001). Anyway, the idea of regarding Jacobi’s triple
product identity as a g-extension of Euler’s reflection formula is at least 25 years old. Two of us
(M.K.A. and N.M.A.) regret that we were not already aware of this fact at the time of the writing of
[7] (which was the starting point for using this idea in the derivation of Mellin integral transforms
for some families of g-polynomials).

In view of the periodicity of c,(x), one can then derive from (6) a Mellin integral transform for
the product p,,(/lt;q)Eq_l((l — q)t), where p,(z;q) is some polynomial in z of degree n. In this
way the Mellin integral transforms were obtained for all those families of g-polynomials from the
Askey scheme, in which independent variable is the argument of an appropriate terminating basic
hypergeometric series. They consist of the Stieltjes—Wigert, the Rogers—Szego, the g-Laguerre, the
Wall, the alternative g-Charlier, and the little g-Jacobi polynomials.

In this paper we wish to apply the technique of [7] to the study of those families of g-polynomials
from the Askey scheme, which contain the independent variable x in one of the parameters of
the corresponding basic hypergeometric series. The simplest example of this type is the discrete
g-Hermite II polynomials
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there are also the Al-Salam—Carlitz II, the big g-Laguerre, the big g-Legendre, the big g-Jacobi, and
the g-Hahn polynomials (see [15]).

Our motivation for the study of g-analogues of Mellin integral transforms comes from mathematical
physics. It is well known that in nonrelativistic quantum mechanics the coordinate and momentum
realizations are interrelated by the Fourier integral transform. But in some relativistic approaches to
quantum mechanics the passage from the momentum to the configuration realization is accomplished
by the Mellin integral transform. For instance, a relativistic quasipotential [14,16] model of the
linear harmonic oscillator, studied in detail in [9,8,11], is governed by a difference Hamiltonian
in the configuration x-realization. The passage from the configuration to the momentum realization
is equivalent to the Mellin integral transform in the light-front variable p™ = p, + p, rather than
the Fourier transform as in the nonrelativistic case. Therefore we believe that our technique can be
applied to constructing various g-extensions of such quantum-mechanical models, based on difference
equations.

2. The Mellin transform for a particular family of ¢g-polynomials
It is well known that Euler’s integral representation

F(x):/ rle7'd, Rx>0 (7)
0
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for the gamma function I'(x) is an instance of the Mellin integral transform
[e.e]
. —1
o) =M{fnz) = [ fra
0

of the exponential function f(¢)=e~". Similarly, (1) or (6) is the Mellin transform of the function
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be a g-polynomial of degree n in x (with coefficients a,;(g), which may depend, in addition to ¢,
on some other parameters). Then
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where / is a constant. Since the g-shifted factorial
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is a polynomial of degree k in z, we have
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by the definition of the g-gamma function I'y(x). Substituting (10) into the right-hand side of (9),
one thus obtains that

M{ pa(Zt; E; (1 — g)1);x}
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Finally, the g-binomial coefficient

)

can be written as

k _ (_lquj—(é) (q_k;Q)j' (12)
i1, (q:9);

Therefore the sum over the index j in the right-hand side of (11) represents a terminating basic
hypergeometric series ,¢¢ and we obtain the desired result
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This formula gives an explicit form of the Mellin integral transform for the function £, (1 =q)),
multiplied by a polynomial p,(At;q) of the type (8) (with an arbitrary constant A). Observe that the
right-hand side of (13) is a polynomial of degree n in the variable ¢, times the function g,(x).
Also, the terminating basic hypergeometric series ,¢o in (13) can be written as

—k _x 1 ke—
q .q AgET . 1—q _
o -C X. .
2¢0< o q, 1_q> k(‘] 5 }qu 5 5
where the ¢~'-Charlier polynomials C,(z;a;¢~") are defined (cf. [15, p. 112]) as
. q—n,Z—l
Ca(zsa5977) = 2o q,—z/a | . (14)

For a particular choice of the constant A, the sum over j in (11) is simplified; in other words, the
terminating basic hypergeometric series ,¢g in (13) reduces to a monomial in the variable ¢g—*. The
point is that

q, zq”) =z" (15)
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To verify (15), simply reverse the order of summation in the definition of ,¢¢ and use the limit
case of the ¢g-Chu—Vandermonde sum

S |
2¢1<qc . q)z(c/b,q»bn

(&3
with the vanishing parameter b. We note that the relation (15) can be expressed in terms of the
g~ '-Charlier polynomials (14) as

C(zs—q ") =2".

From (15) it follows that if one chooses 4= ¢ — 1, then the Mellin integral transform (13) reduces
to

M{pu((q = DEQE; (1= ));x} = g4(x) Y amlq)g ™™ (16)

Notice that such simplification of (13) in the case when A =g — 1 is a consequence of the following
property:

Ey(2) = (=29 E,(¢*2) (17)
of Jackson’s g-exponential function (2). Indeed, by the definition (8),
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where we have employed the property (17) with z= (1 — ¢)t. The change of the variable t — ¢—*
in (18) leads immediately to the Mellin transform (16).

Now it remains only to consider concrete examples of the aforementioned families of g-polynomials
from the Askey scheme.

3. Concrete examples

1. We start with the Al-Salam—Carlitz II polynomials from the g-Askey scheme (see [15, p. 114])

q”)
q, —
a
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which occupy the second (i.e. next-to-lowest) level in the Askey scheme of basic hypergeometric
polynomials with the discrete orthogonality property (see [15, p. 62]). From (19) it follows that the
coeflicients a,;(q) in (8) in this particular case are equal to

an(q) = (—ay'qDa"* [Z] : (20)
q

where we have used the relation (12). Substituting (20) into (16), we thus obtain a Mellin integral
transform

M{VEO(q — DEQE; (1 — ) )sx} = (—a)'q" DH, (g a; q)g,(x), (21)

where the Rogers—Szegd polynomials H,(z;q) are the g-analogue of Hermite polynomials on the
unit circle (see [18,1,10]), defined as

n —n’O
Hy(z;q) = Z [Z] 2 =10 (q
q

k=0 T

q;Z(]") : (22)

Notice that the special case of the Al-Salam—Carlitz II polynomials (19) with a = —1 is known as
the discrete g-Hermite Il polynomials 4,(x;g) (see [15, p. 119]). Therefore, from (21) one obtains
a Mellin transform

M {h(i(1 = @ E; (1 = )0);x} = i7"q " DH,(—q7; )9, (x),

which interrelates the discrete g-Hermite II and the Rogers—Szegd polynomials.
From (22) it is evident that

limH,(z;q)=(z+ 1)".
p

The Mellin transform (21) in the limit as the parameter ¢ — 1~ thus coincides with Euler’s integral
representation for the gamma function (7), both sides of which are multiplied by the constant factor
(—1(1 +ay".

2. At the third level of the g-Askey scheme with the discrete orthogonality there is only one
family of g-polynomials of the type (8), namely the big g-Laguerre polynomials (see [15, p. 91])

~ (@9 g
4= : 23
1 q) ,; (aq; ¢)(bq; 9)i(q; 9 ) (23)

q ", 0,x
aq,bq

Pu(x;a,b;q) :== 3¢ (

The coefficients a,;(q) in this case are equal to

(47" 9nd"
an(q) = : (24
(aq; @)k(bq; 9)i(q; 9 ) )
Substituting (24) into (16), one obtains the following Mellin integral transform:
o g "0,00
M{P,((q — Dt;a,b;q)E,; (1 — q)t);x} =3¢ b |94 gq(x) (25)
aq, bq

for the big g-Laguerre polynomials P,(x;a, b; q).
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From definition (23) it is clear that

lim P,((g — Dt;a,b59) =[1 — (1 — ay~' (1 —=b)~'I"
Pl

Therefore the Mellin transform (25) in the limit as ¢ — 1~ coincides with (7), multiplied by the
constant factor [1 — (1 —a)~'(1 —b)~']".
3. The big g-Jacobi polynomials (see [15, p. 73])

- ,abanrl,x

q n
Pn(XQG,baC;‘I) = 3¢2 (

g, q) (26)
aq,cq

occupy the fourth level in the Askey scheme for g-polynomials with the discrete orthogonality.
Taking into account that the coefficients a,;(¢g) in this case are equal to

(g7 " q)i(abg"" s q)ig"
(aq; (eq; Oi(g; i’

from (16) it follows that a Mellin integral transform for the big g-Jacobi polynomials P,(x; a,b,c; q)
is of the form

M{P,((g — Dt;a,b,c; )E; (1 — q)t); x}

q—n’ abqn+l’ 0
= 3¢2 (
aq,cq

ank(q) =

q,ql"‘> Gg(x). (27)

In view of the limit relation
1 —ab 8
I-—al-o] "’
which follows directly from the definition (26), the Mellin transform (27) in the limit as ¢ — 1~

coincides with (7), multiplied by [1 — (1 —ab)(1 —a)~'(1 —c)~']".
Notice that there are also the g-Hahn polynomials (see [15, p. 76])

linla P,((g— t;a,b,c;q) = [1 -
q—1-

n+1
,oapg" x

Qn(x;aaﬂaN;q) = 3¢2 <q _N
xg,q

n

g, Q> (28)

at the same level of the g-Askey scheme. If one compares (28) with (26), then it becomes evident
that the g-Hahn polynomials are merely the big g-Jacobi ones (26) with the parameters a=o, b=,
and ¢ = ¢ V~!. The formula (27) thus provides an appropriate Mellin integral transform for the
g-Hahn polynomials as well.

Finally, the special case of the big g-Jacobi polynomials (26) with a=b =1 is known as the big
g-Legendre polynomials P,(x;c;q) (see [15, p. 65]). The Mellin integral transform in this case is

qfn, qn+l’ O
cq,q

M{P,((¢ — Dt;c;)E; (1 — q)1);x} = 3¢ ( q,q”> gg(x).
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4. Concluding remarks

We note in closing that there are some other instances of g-polynomials from the Askey scheme for
which the independent variable x enters not in one, but two of the parameters of the corresponding
basic hypergeometric series. For example, the continuous big g-Hermite polynomials H,(x;alq) are
of the form

q—n’a ei(),a e—i()
Hy(x;alq) == a "3¢, g.q9 |, x=cos0.
0, 0
We hope to discuss the possibility of applying the same technique of deriving Mellin transforms to
this type of g-polynomials elsewhere.

Acknowledgements

This research has been supported in part by the Ministerio de Ciencias y Tecnologia of Spain
under the Grant BFM-2000-0206-C04-02, the Junta de Andalucia under Grant FQM-262, the Euro-
pean project INTAS 2000-272, and by the Mexican UNAM-DGAPA project IN112300. Two of us
(MKA and NMA) are most grateful to the Facultad de Matematicas, Universidad de Sevilla for the
hospitality extended to them during their visit to Sevilla in May—June 2001, when this work was
completed.

References

—

W. Al-Salam, L. Carlitz, A g-analogue of a formula of Toscano, Boll. Un. Mat. Ital. 12 (3) (1957) 414-417.

G.E. Andrews, R. Askey, R. Roy, Special Functions, Cambridge University Press, Cambridge, 1999.

R. Askey, The g-gamma and g-beta functions, Appl. Anal. 8 (2) (1978) 123-141.

R. Askey, Ramanujan’s extensions of the gamma and beta functions, Amer. Math. Monthly 87 (5) (1980) 346-359.
R. Askey, Beta integrals and g-extensions, in: Proceedings of the Ramanujan Centennial International Conference,
Annamalainagar, December 15-18, 1987, The Ramanujan Mathematical Society, Annamalainagar, India, 1988, pp.
85-102.

[6] R. Askey, Beta integrals in Ramanujan’s papers, his unpublished work and further examples, in: G.E. Andrews, R.A.
Askey, B.C. Berndt, K.G. Ramanathan, R.A. Rankin (Eds.), Ramanujan Revisited, Proceedings of the Centenary
Conference, University of Illinois at Urbana-Champaign, June 1-5, 1987, Academic Press, San Diego, USA, 1988,
pp. 561-590.

[7] N.M. Atakishiyev, M.K. Atakishiyeva, A g-analogue of the Euler gamma integral, Theoret. Math. Phys. 129 (1)
(2001) 1325-1334.

[8] N.M. Atakishiyev, R.M. Mir-Kasimov, Generalized coherent states for relativistic model of a linear oscillator, Theoret.
Math. Phys. 67 (1) (1986) 362-367.

[91 N.M. Atakishiyev, R.M. Mir-Kasimov, Sh.M. Nagiyev, Quasipotential models of a relativistic oscillator, Theoret.
Math. Phys. 44 (1) (1981) 592-603.

[10] L. Carlitz, Note on orthogonal polynomials related to theta functions, Publ. Math. Debrecen 5 (1958) 222-228.

[11] A.D. Donkov, V.G. Kadyshevskii, M.D. Mateev, R.M. Mir-Kasimov, Quasipotential equation for a relativistic
harmonic oscillator, Theoret. Math. Phys. 8 (1) (1972) 673—681.

[12] G. Gasper, M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cambridge, 1990.

[13] G.H. Hardy, Ramanujan, Cambridge University Press, Cambridge, 1940 (reprinted by Chelsea, New York, 1959).

N
— e

— o, ——_—
(o)) W



18 R. Alvarez-Nodarse et al. | Journal of Computational and Applied Mathematics 153 (2003) 918

[14] V.G. Kadyshevsky, Quasipotential type equations for the relativistic scattering amplitude, Nucl. Phys. B 6 (2) (1968)
125-148.

[15] R. Koekoek, R.F. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomials and its g-analogue,
Report 98-17, Delft University of Technology, Delft, 1998.

[16] A.A. Logunov, A.N. Tavkhelidze, Quasipotential approach in quantum field theory, Nuovo Cimento 29 (2) (1963)
380-399.

[17] S. Ramanujan, Some definite integrals, Messenger Math. 44 (1915) 10—18 (reprinted in: G.H. Hardy, P.V. Seshu
Aiyar, B.M. Wilson (Eds.), Collected Papers of Srinivasa Ramanujan, Cambridge University Press, Cambridge, 1927,
pp- 53-58).

[18] G. Szegd, Ein Beitrag zur Theorie der Thetafunktionen, Sitz. Preuss. Akad. Wiss., Phys. Math. Klasse 19 (1926)
242-252 (reprinted in: R. Askey (Ed.), Collected Papers, Vol. 1, Birkhduser, Boston, MA, 1982, pp. 795-805).



	Mellin transforms for some families of q-polynomials
	Introduction
	The Mellin transform for a particular family of q-polynomials
	Concrete examples
	Concluding remarks
	Acknowledgements
	References


