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Abstract

In this paper we continue the study of stratifying systems, which were introduced by K. Erdmann
and C. Sdenz in [Comm. Algebra 31 (7) (2003) 3429-3446]. We show that this new concept provides
a categorical generalization of tiemodules for a standardly stratified algebra.
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Introduction

The algebras to be considered in this paper are basic finite dimensional algebras over
an algebraically closed fieldd We denote by mo# the category of finitely generated left
R-modules over an algebf, andD : modR — modR°Pis the usual duality Hop(—, k).
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Given f:M — N andg:N — L morphisms in mo® we denote the composition ¢f
andg by gf which is a morphism frond/ to L.

Given a clasg of R-modules, we denote h¥ (C) the full subcategory of mo# con-
taining the zero module and all modules which are filtered by modulé&s rhat is, a
non-zeroR-moduleM belongs taF (C), if there is a finite chain

0=M0§M1§§Mm=M

of submodules ofM such thatM;/M;_1 is isomorphic to a module i€ for all i =
1,2,...,m. In particular, ifC = @ then F(C) = {0}. It is easy to see thaf(C) is closed
under extensions. In generd(C) fails to be closed under direct summands, see [7]. Let
X and) be full subcategories of ma@l We say that EX{(X, V) =0, if Ext,(X,Y) =0
foranyX e X andY € ).

Other categories related with(C) are the following:

Z(C) = | X e modR: Exty(F(C), X) =0},
P(C) = | X emodR: Exty(X, F(C)) =0}.

In [3], K. Erdmann and C. S4enz introduced the concept of stratifying sy@teh <)
of sizer, wheret = {0 (i)};_, is a set of non-zer&-modules, and’ = {Y (i)}i_, is a set of
indecomposabl®-modules inZ(9) N F () satisfying certain conditions related to a total
order=< given onthe sef2, = {1, 2, ..., t}. They showed that the algebsa= EndyY) is
standardly stratified, whergY = ]_H:l Y (i) and also that, for ang-moduleM in F(0)
the filtration multiplicities[M : 6(i)] do not depend on a given filtration & in 6. The
R-modules in the se? will be called relative simple modules ¢f(9). Observe that the
relative simple modules have not proper submoduleg ). The modules in the sét
will be called indecomposable relative injective modulesof).

This paper is the first part of a series of two papers. In this one we will study stratifying
systems via the sétof relative simple modules and in the second one via the set of relative
projective modules aof (9), see [5].

The paper is organized as follows. In Sentlowe collect some preliminary facts needed
later in the paper, which can be found for instance in [1,3,4,7]. Then we give an equivalent
definition of a stratifying systen®, Y, <) of sizet, which depends only on the sg¢t=
{G(i)}gzl. We also point out that the categafy#) is closed under direct summands and
is a functorially finite subcategory of madl

In Section 2 we consider the full subcategorie®), Z(9) andP (@) of modR and
prove thatF(0) N Z(9) = addY. Moreover, we prove that the category a¢itlis equiva-
lent to the categoryF (0) NP (), whereaT is the characteristic tilting-module associated
to the standardly stratified algebfa= End(zY). We also show that the concept of a strat-
ifying system generalizes the concept of the standard modules for a standardly stratified
algebra and we use our data to show that the determinant of the Cartan matrix of a stan-
dardly stratified algebra is not zero.

In Section 3 we study stratifying systers Y, <) in connection withY being a gener-
alized tilting R-module.
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1. Preliminaries

Let R be an algebrag = {9(i)}§=1 be a set ofR-modules, and2, ={1,2,...,t}. We
will consider a total ordex on the set2;, and we denote by (respectively<°P) the
natural (opposite natural) total order 6h. It is well known that there is a unique isomor-
phismay : (£2;, <) — (£2;, <) of ordered sets. Throughout the paper we will also make use
of the isomorphisna; : (2;, <) — (£2;, <°P) of ordered sets given by (i) =7 —i + 1.

Recall that the categorf (9) is the category oR-modules which have a-filtration.
We start this section by recalling the definition of a stratifying systeny, <) of sizet
and then we give a characterization of it, which depends only on the syéter). We
also collect some facts from [1,3,4,7] that will be used later in the paper. At the end of this
section we show that for any stratifying systémY, <) the categoryF(0) is closed under
direct summands and therefore it is a functorially finite subcategory ofRngée [7]).

Definition 1.1[3]. Let6 = {6(i)}:_, be a set of non-zerB-modules and’ = {Y (i)}/_, be
a set of indecomposab-modules. The systeri®, Y, <) is a stratifying system of sizg
if the following three conditions hold:

(1) Homg(0(j),0(@)) =0forj =i,

(2) For each € £2; there is an exact sequence-96(i) it Y (i) — Z(i) — 0 such that
Z@) e F(0(): j<i},

(3) Extk(F(0),Y) =0, whereY =[[i_; Y (i).

Let M € F(0). We denote byy (M) the sumZﬁzl[M :0(i)] and call it thef-length
of M. Observe that the sét = {Y (1), ..., Y(¢)} of a given stratifying systen®, Y, <)
consists of pairwise non-isomorphtemodules. In fact, if < j then[Y (i):0(j)]=0and
[Y(j):6(j)] = 1. Therefore, the algebra = En(j(]_U:l Y (i)) is basic and the number of
simple A-modules (up to isomorphism) is equaltto

From the following lemma we obtain the uniqueness of Brenorphisme; : 6 (i) —

Y (i) givenin 1.1.

Lemma 1.2. Let ¢; :0(i) — Y (i) be the R-morphism given inl.1 Theng; is the left
minimalZ(6)-approximation of (i).

Proof. SinceY (i) is indecomposable it follows that; is left minimal. To prove that

a; is left Z(6)-approximation we consider the exact sequence given in 1.1 and apply
to it the functor Hom (—, X) with X € Z(#). So the result follows from the fact that
Exth(Z(i), X)=0. O

Definition 1.3. Let (4, Y, <) and (¢’, Y/, <) be two stratifying systems of size and let
«;:0(i) — Y (i) anda; :6'(i) — Y'(i) be the left minimalZ(0)-approximations ob (i)
andé’(i) respectively.

A morphismf:(0,Y, <) — (', Y/, <) is a set of morphismg = {f1(i), f2()}/_;,
where f1(i) :0(i) — 0'(i) and f2(i) : Y (i) — Y'(i) are R-morphisms such thaf;(i)a; =
o) f1(i), foralli=1,...,1.
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The morphismf = {f1(i), f2()}/_1: (0, Y, =) — (¥',Y’, %) is an isomorphism if
f1(i) and f2(i) are R-isomorphisms for any.

Proposition 1.4. Let (4,Y,=<) and (9,Y’, <) be stratifying systems of size Then
for eachi = 1,...,t, there exists aR-isomorphismf;:Y (i) — Y'(i), such thatf =
{1o(i), f,-}f=l 1(0,Y,<)— (8,Y/, <) is an isomorphism of stratifying systems.

Proof. Lete; :6(i) — Y (i) anda; :6(i) — Y'(i) be the left-minimal (§)-approximations
of 6(i) and 6’(i) respectively. Hence, there exi®R-morphisms f;:Y (@) — Y'(i),
gi:Y'(i) = Y (i) such thatfia; = ] and g;a; = o; for all i =1,2,...,r. Therefore,
using thaty; ande; are left-minimal we get thaf; g; andg; f; are isomorphisms for all
i=12,...,¢ proving the result. O

We will make use of the following result, which appears in [3], in order to give a char-
acterization of stratifying systems depending only on the set of relative simple modules.
This characterization can be taken as an alternative definition of stratifying systems.

Proposition 1.5 [3]. Given a seb = {(i)};_, of non-zeraR-modules and a total ordex
on the set2,, the following conditionga) and (b) are equivalent.

(a) There exists a set of indecomposaklenodulesy = {Y(i)}§:l such that(9, Y, <) is
a stratifying system of size
(b) The seb satisfies the following conditions
(i) Homg(0(j),0(@i))=0for j =i,
(i) Extk(0()),0(i)) =0, for j > i,
(iif) 6(i) isindecomposable,forall=1,2,...,z¢.

As consequence of 1.5 and 1.4, we state now the promised characterization of stratifying
systems.

Char acterization 1.6. A stratifying systentd, <) of sizer consists of a set = {0(i)}!_;
of indecomposabl&-modules and a total ordek on the set2, satisfying the following
conditions

(i) Homg(0(j),0(i)) =0for j =i,
(i) Extk(0()),0(i)) =0, forj>i.

Definition 1.7. A stratifying system@, <) is standardif zR € F(#). Dually, we say that
(0, <) is costandardf D(Rg) € F(9).

Next we fix the following notation. Le#A be an algebra anft1, 2, ..., &} be a com-
plete set of primitive orthogonal idempotents. We denot®by Ae; the indecomposable
projective A-module corresponding te; and by S; the simpleA-module top ofP; for
i =1,...,t. The standardi-module 4A (i) is by definition the maximal quotient af;
with composition factors only among$} with j <i. We shall denote byA the set of all
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standard modules. By Lemmas 1.2 and 1.3 in [2] we haveghagatisfies 1.6. Hence we
get that(4A4, <) is always a stratifying system of size

Itis well known, see [2,4,7], that the categdFy4A) is a functorially finite subcategory
of modA, closed under direct summands and kernels of surjections.

Dually, we have the notion of costandatdmodules. Letl; be the injective envelope
of the simpleA-modulesS;. The costandardi-module 4V (i) is the maximal submodule
of I; with composition factors only amongSt with j <i. We denote by,V the set of
all costandard modules. Using the definitiof costandard modules it can be proved that
(aV, <°P) is always a stratifying system of size

Note that the stratifying systerfyA, <) is standard if and only ifA is a standardly
stratified algebra with the same order of the simple modules. Recall that the standardly
stratified algebra is calledquasi-hereditaryf dim; End(4A(i)) = 1 for anyi.

By duality arguments, it can be proved thg{A, <) is standard if and only if
(4 VOP, <OP) is costandard.

We recall that am-moduleT is ageneralized tiltingA-module if the following three
conditions hold:

(a) T has finite projective dimension,

(b) Ext,(T,T)=0foralli >0, and

(c) there exists an exactsequence-Q A — To — 71 — --- — T,, - O with 7; € addT
for all j, where add" is the full subcategory of mad whose objects are direct sums
of direct summands df .

Let X be a full subcategory of mad closed under extensions ald- the set of exact
sequences in madl with terms inX'. The pair(X, Sy ) is anexact subcategorgf modA.
Let (X, Sx) and (), Sy) be exact subcategories of madand modA’ respectively. An
additive functord : X — ) is said to be aexact functoif H(Sy) € Sy.

The following result shows that if the stratifying systépn, <) is standard then there
is a distinguished generalized tiltimymoduleT . Henceforthl” will be calledthe charac-
teristic tilting A-module associated to the standard stratifying system <).

Theorem 1.8 [1,4,7].Let A be an algebra and assume thatA, <) is standard of size t.
Then there is a basic generalized tiltimgmoduleT such thatF(4A) N Z(4A) = addT.
Moreover, ifA’ = End(4 T) then following statements hold

O T= ]_U:l T (i), whereT (i) is indecomposable and for eactithere is an exact se-
quenced >4 A@{) —> T(@) - X(@) — Owith X (@) € F({aA(j): j <i}),

(ii) let{e], &5, ..., ¢} be a complete set of primitvorthogonal idempotents af’ such
that A’s; ~ Homu (T (0(i)), T) for anyi. Then 4A(i) >~ Homy (4A(0; (i), T) for
eachi =1, 2, ...,t. Furthermore the stratifying system A, <) is standard.

(i) the functorHomu (—, T) : F(4A) — F(4A) is an exact duality.

(iv) F(ad) NP(44) =add4A.

In the next theorem, we will collect some facts from [3]. [Rbe an algebrap, Y, <)
be a stratifying system of sizezandA = EndzY), whereY = ]_[leY(i). Let F be the
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functor Hong (—, gY4or) :modR — modA, G be the functor Hom(—, gY0p) :modA —
modR, and{e1, ¢2, ..., &/} be a complete set of primitive orthogonal idempotentsiof
such thatde; ~ F(Y (w; to;(i))) foralli = 1,2,...,t, wherew; : (£2;, <) — (£2;, <) and
o1 (82:, <) — (824, <) are the unique isomorphism of ordered sets.

SinceF (F(0)) € F(a4h) andG(F(a4)) € F(8), we will denote also by andG the
functorsF| ) andG| r(,a) respectively.

Theorem 1.9 [3]. Let (9, Y, <) be a stratifying system of sizeand let F and G be the
functors defined above. Then

(i) the functorsF : F(0) — F(44) andG : F(4A) — F(0) are inverse exact dualities,
(i) FO(w; ro,(i)) ~ 4AG), foralli=1,2,...,1,
(i) the stratifying systenuA, <) is standard,
(iv) foranyX € F(#), there is an exact sequenBe> X — Yo — Y1 — --- —> Yy — 0,
whereY; € addY andk < ¢,
(v) The determinant of the Cartan Matri€4 of A is given by the formulaletC, =

[T, dimg End(gO(i)).

As a consequence of 1.9 we get the following result, which shows that the relative
injective modules determine the relative simple modules.

Proposition 1.10. Let (6, Y, <) and (0, Y, <) be stratifying systems of sizeThen, there
exists an isomorphism of stratifying systefng6’, Y, <) — (0, Y, <).

Proof. By 1.9 we know that the functoF’ = F| £ : F(8') — F(a4) induces an iso-
morphism

F(Bi):F(0()) = F(0'())) foranyi.

Leto;:0(i) — Y(i) ande; :6'(i) — Y (i) be theR-morphisms given in 1.1. By 1.2 we
know thate; ande; are left-minimal. Then thet-morphisms

NF (o F(a!

F(r) 285 po'G)) and F(Y()) —s F(0/())

are right-minimalforali =1, 2, ..., . Hence there is ad-isomorphismF (f;) : F(Y (i))
— F(Y(i)) such thatF(8;) F (a;) = F(a;) F(f;) for eachi. Thereforef = {4;, ﬁ}le:
@,Y,<)— (0,Y, <) is anisomorphism. O

Observe that Ringel gives in Section 1 of [7] an example, which shows that conditions
(ii) and (iii) of 1.5 are not enough fof(#) to be closed under direct summands. The
following corollary gives sufficient conditions to obtain this fact.

Corollary 1.11. For any stratifying systen®, <) the category#(0) is a functorially finite
subcategory ofmodR which is closed under direct summands.



478 E.N. Marcos et al. / Journal of Algebra 280 (2004) 472-487

Proof. Using the dualityF given in 1.9 and the fact thaf(44) is closed under direct
summands, we get th&(0) is also closed under direct summands. The result follows now
by Corollary Lin[7]. O

2. Stratifying systems

Let (0,Y, <) be a stratifying system of size Y = ]_[ﬁzlY(i), A = EndRY) and
4T be the characteristic tiltingi-module associated to the standardly stratified algebra
A =EndRY). Inthis section we prove th&(#) NZ(9) = addY and also that the category
F(0)NP(0) corresponds to the category g, under the duality™ = Homg (—, g Y 40p).
Finally, we give conditions for a stratifying system of siz& be isomorphic to the stan-
dard stratifying systenizA, <) and prove that the determinant of the Cartan matrix of a
standardly stratified algebiis non-zero.

In the following proposition we shall prove that, for a given algeRrdhere is always
a stratifying system of size in modR for any ¢ < n, wheren is the number of simple
R-modules (up to isomorphism).

Proposition 2.1. Let R be an algebrafes, ez, ..., e,} be a complete set of primitive or-
thogonal idempotents @t, and letgA; = {rA(j): j <t}. Then

(8) (r4:, <) is a stratifying system of sizefor anyr < n.

(b) Let (rA, <) be standard, and leg7 = [['_; T'(i) be the indecomposable decom-
position, given inl.8, of the characteristic tiltingR-module. ThenzA;, T, <) is a
stratifying system of sizefor anyz < n, whereT, = {T'(j): j <t}. o

Proof. (a) follows from the fact thatzA, <) is a stratifying system (see 1.2 and 1.3 in
[2]). And (b) is a consequence of 1.80

We also state the dual result:

Proposition 2.2. Let R be an algebrafes, ez, ..., e,} be a complete set of primitive or-
thogonal idempotents &, and letg V; = {gV(j): j <°Pt}. Then

(@) (rV:, <°P) is a stratifying system of sizg, () for any: < n.

(b) Let(grV, <°P) be costandard ang! = | [;_; I;, wherel; is the injective envelope of
the simple moduls; for eachl <i < n. Then(zV;, I;, <°P) is a stratifying system of
sizeo, (t) for anyr <n, wherel, = {I;: j <°Pt}.

The following theorem gives necessarily and sufficient conditions on a set of inde-
composable modules for the existence of a stratifying systei, Y, <). We recall that
wr (824, <) = (824, <) andoy : (824, <) — (24, <°P) are the unique isomorphism of or-
dered sets, wherg€; ={1,2,...,1¢}.

Theorem 2.3. Let Y = {Y(i)}!_, be a set of pairwise non-isomorphic indecomposable
R-modules,Y = ]_[leY(i), A = EndrY), and < be a total order ong2,. We fix a



E.N. Marcos et al. / Journal of Algebra 280 (2004) 472-487 479

complete sefeq, €2, ..., &} of primitive orthogonal idempotents of such thatAg; ~
HomR(Y(wflat(i)), rYaop) for eachi = 1,2,...,¢. Then the following statemen($)
and(2) are equivalent

(1) (a) the stratifying systeriA, <) is standard andExt}4 (F(44), AY) =0,
(b) there is a full subcategoryl of modR, closed under extensions, such tidt) €
Aforeachi =1,2,...,t andExth (A, gY) =0,
(c) the functorsF = Homg(—, gY40p) : A — F(44) and G = Homy(—, gY40p) :
F(44) — A are inverse exact dualities.
(2) There exists a family aR-modulesy = {0(i)}!_, such that(6, Y, <) is a stratifying
system.

Proof. Assume that (1) holds and lat:= wflcr,. We defined (i) := G (4A(n~1(i))) for
eachi and we shall prove thab, Y, <) is a stratifying system.

Let j > i. Then = 1(j) < n~1() and therefore we get Homid()),6(i)) ~
Homyu (4A(n=1(i)), 4aA(=1(j))) = 0. So the first condition of 1.1 holds. For the second
condition we fixi and we consider the exact sequence

0— U(n () = As,-15) — ad (1)) — O, (%)

whereU (n~1(i)) is the sum of the images of all morphismsﬂ_l(j) — Ag, ;) With
w= () > n~lG) (see 1.1in [2]). SincésA, <) is standard we get that

U(p @) e F({aA(w D) 7t () > 0t @) = F({ad (e (): <))
Applying the functorG to (x) we obtain the exact sequence
0—03G)—Y(@() — G(U(yfl(i)))—>0, (%)

and by induction on thgA-length of U (1 ~1(i)) we get thatG (U (u=1(i))) € F({6()):
j <i}). Hence, the sequencex) satisfies the condition (2) of 1.1.
Finally, to see that E)}et(]-‘(e), Y) =0itis enoughto prove tha (9) C A. This follows
from the hypothesis thad is closed under extensions afd) € Aforeachi =1, 2, ..., .
Now we show that statement (2) implies (Ihis implication is a consequence of
1.9, where we také-(0) = A and the fact that E%t(]—‘(AA), 4Y) =0 (see Theorem 1.6
in[3)). O

We observe that the categarysatisfying the conditions given in 2.3 is uniquely deter-
mined by the familyY. MoreoverA = F(6), wheref (i) = G(AA(crflw,(i))) for anyi.

For a standardly stratified algebfawe have that the characteristic tiltimgmoduleT
satisfiesF(4A) N Z(4A) = addT . The following result is a generalization of this fact.

Theorem 2.4.1If (8, Y, <) is a stratifying system of sizéhenF () NZ(0) = addY, where
Y =1L Y(0).
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Proof. Let A = End(zY). Since eacly (i) € F(0) N Z(9) we have that add € F@) N
Z(0). Nextwe prove thaF (0)NZ(0) C addY. LetN € F(0)NZ(H) be anindecomposable
R-module, and let

0> M — L — F(N)— 0, (%)

be a short exact sequencefifsA). Using the dualityF given in 1.9 we know that there
exist M and L in F(6) such that the sequenc¢e) has the form 0 F(M) — F(L) —
F(N) — 0. Then using the functo& giving in 1.9 and the exact sequen@e we get
that the sequence & N — L —- M — 0 is exact. This sequence splits becanse
Z(®)NF@®O)andM € F(@). Hence the exact sequen@d splits. ThusF (N) € F(,A) N
P(44) = add 4A becausé A, <) is a standard stratifying system (see 1.8(iv)). Therefore
F(N) >~ F(Y(i)) forsomei and soN ~ Y (i), sinceF is a duality. O

Theorem 2.5. Let (0, Y, <) be a stratifying system of sizeand A = End(zY), where
Y= ]_[ﬁzlY(i). If AT is the characteristic tiltingA-module associated t4A, <) (see
1.9), thenX € F(0) NP(O) if and only if F(X) = HOmMg (X, gY0p) € add 4T .

Proof. By 1.9, the functorg” andG preserve exact sequencesfii®) and inF(4A) re-
spectively, and both categories are closed by extensions. So there is a hatural isomorphism
of abelian groups from EX(M, N) to Ext, (F(N), F (M)) given by[n] +— [F (y)]. There-

fore, Ext, (X, F(9)) = 0 if and only if EXE (F(44), F(X)) = 0 and this last condition is
equivalenttoF (X) € F(4uA) NZ(4A) =addsT. O

The next theorem gives necessarily and sufficient conditions for theafed standard
stratifying system®, Y, <) to coincide with the set aA-modules of a standardly stratified
algebraR. To do that, we will fix a complete set of primitive orthogonal idempotents
of A=EndrY) and A’ = End(4T) respectively, as we did in 1.8 and 1.9. We recall
thatw; : (£2;, <) — (£2;, <) ando; : (2, <) — (£2;, <°P) are the unique isomorphism of
ordered sets, whe@; ={1,2,...,t}.

Theorem 2.6. Let R be an algebra(, Y, <) be a stratifying system of sizeA = End(zY)
withY = ]_U:l Y (i), and 4 T be the characteristic tiltingd-module associated {4, <).
Then the following conditions are equivalent

(a) F () is closed under kernels of surjections afid <) is standard,

(b) F(0) NP (6) =addgR,

(c) the stratifying systen®, <) is standard and is the number of non-isomorphic simple
R-modules.

(d) R~End4Y) and o Ygop >~ 4 Tgop,

(e) there is a complete set of primitive orthogonal idempoté#aises, .. ., e;} of R, such
that A (i) >~ e(a)fl(i)) foranyi =1, 2,...,7,andR is a standardly stratified algebra
with the given ordering of the simpR-modules.
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Proof. ()= (b). LetX € F(0) NP(¥) be indecomposable and Igt Po(X) — X be the
projective cover ofX. Sinceg R € F(6) we have thaty(X) € F(0). Therefore, the exact
sequence

0— Kerf— Py(X) > X—0 (*)

liesin F(0), sinceF (0) is closed under kernels of surjections. Using the factxhatP ()
we obtain thaix) splits. HenceX is a projectiveR-module, proving thaf(6) NP (6) C
addg R. The other inclusion follows from the fact th&t(9) is closed under extensions and
under direct summands (see 1.11).

(b) = (d). Using 2.5 and the assumptions tt#ato) N P(0) = addg R and thatR
is basic, we get thaF (R) = Homg (g R, gYa0op) = s Tgoe. On the other hands Yzop ~
Homg (R, rYaop) = F(R). Thuss Yrop >~ 4 Tgop. Finally R ~ G F(R) = Hom4 (F(R), oY)
~End(4Y).

(d)= (e). LetA’ = End(4T) andu := w; 1o;. Then by 1.8 and 1.9 we get that (i) ~
FO(un@@))) and 4A(0) ~ Homy (4A(0;(i)), T) for anyi. Since(x4, <) is standard we
get that(4A, <) is standard. On the other hankl,~ End(4Y) ~ End(4,T) = A’. Hence
RYp00 > 2 T4op. Then by 1.8 and 1.9 we get

(i) = G(aA (1)) = Homa (ad (1~ 20)), aTaor) = aA (o, 07 (0))
~ pA(0,7 0 7L@)) = rA (w1 (1))

for anyi, proving that (d) implies (e).

(e) = (a). Follows from the well known fact thaf(gA) is closed under kernels of
surjections.

(c) = (b). We have that the number of simptemodules (up to isomorphism) is equal
to t. On the other hand, the number of indecomposable direct summands of the charac-
teristic tilting A-module4T is equal tor (see 1.8(i) and 1.9(ii)). Then by 2.5 we get that
the number of non-isomorphic indecomposaklenodules inF(0) N P(#) is equal tor.
Therefore, using tha¢ R € F(6) we obtain thatF () N P(0) = addR.

(b) = (c). This follows from the fact that (b) implies (e). O

Remark 2.7.

(a) Let R be an algebras the number of simpleR-modules up to isomorphism and
(6, <) an stratifying system of size If (9, <) is standard ther < z. Indeed, let
P1, P2, ..., P; be the non-isomorphic indecomposable project+enodules. Since
@le P; € F(0) we get for eacli an exact sequence jf(6)

0— Kerg; — P, 25 6(kj) — 0.

The morphismg; is right-minimal, sinceP; is indecomposable. Hence the map
B:{P;: 1<i <s}— 0 defined byP; — 6(k;) is an injection, proving that < ¢.
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(b) Consider the algebr® = kQ/1I, whereQ is the following quiver:

35124

and [ is the ideal generated bgy. Taking6(1) = S(1) = rA(L) = P(1), 6(2) =
RA(2) = P(2),0(3) = RA(3) = P(3), 0(4) = pA(4) = P(4) = 1(2) andd(5) = S(4),

we get that the stratifying systef, <) is standard of size 5, whereas the canonical
stratifying system(zA, <) is standard of size 4.

The following result was also obtained by C. Xi, see Theorem 4.5 in [4]. To state it
we shall consider, as in 1.8, the indecomposable decompogifiea ]_[ﬁ=l rT (i) of the
characteristic tiltingR-module g7 associated to the standard stratifying systgm, <)
of sizet. We fix a complete sete1, ¢2, ..., &} of primitive orthogonal idempotents of
A = End(gT) such thatAs; ~ Homg (T (o (i)), rT40p) for anyi.

Corollary 2.8. Let R be a standardly stratified algebra and’ be the characteristic tilting
R-module associated trA, <). Let A = End(zT) and 5T’ be the characteristic tilting
A-module associated A, <). ThenR >~ End(4T") and AT yop =2 ATRop.

Proof. Since the stratifying systenxA, g7, <) is standard (see 2.1) we obtain by 1.8 that
the stratifying systenisA, 477, <) is standard. Then the result follows now from the items
(d) and (e) of the previous theorem

Let R be an standardly stratified algebra. The following corollary allows us to compute
the determinant of the Cartan matii3 and shows that it is non-zero. We also get that
detCg = 1 is equivalent to the fact thdk is quasi-hereditary.

We recall thatCg(ij) := dimy Homg(Re;, Re;), where{ey, ez, ..., e;} is a complete
set of primitive orthogonal idempotents 8f

Corollary 2.9. If the stratifying systenizA, <) is standard of size and Cy is the Cartan
matrix of R, thendetCg = [];_, dimy End(gA(i)).

Proof. The result follows from 1.9(v) and the previous corollarya

Corollary 2.10. Let (zA, <) be standard. TherR is quasi-hereditary if and only if
detCr = 1.

Proof. The result follows from 2.9. O
3. Finite projective dimension

Let R be an algebra. For amg-moduleM we denote by pd/ the projective dimension
of M. We introduce the following well known full subcategories of niad

PS'(R) ={M emodR: pdM <t} and P=*(R)=JP'(R).
t>0
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Let C be a class of modules in m@d We denote by the full subcategory of mos
whose objects are thR-modules having a finit€-coresolution. That isX € CV if there
is a long exact sequence-8 X — Xg — X1 — --- > X,, — 0 with X; € C for all
i=0,1,...,m. We denote byPr / F(rA) the full subcategory of mol having as objects
the R-modulesM such that there is an exact sequence & — P — M — 0, where
X € F(rA) and P is a projectiveR-module. In this section we study standard stratifying
systemg#, Y, <) in connection withY being a generalized tilting-module. We give an
example whereF (9) # (addY)¥ even when by 1.9(iv) we know tha(9) C (addY)V.
Moreover, if A = EndgY) and F(44) = P<*°(A) we prove thatF(0) = (addy)",
and from this fact we obtain the following result: 1f is an indecomposabl®-module
such that Ex};(T, T) =0 then add” = (addT)V. We recall thatw; : (£2;, <) — (£2;, <)
ando; : (£2;, <) — (£2;, <°P) are the unique isomorphism of ordered sets, where=
{1,2,...,1}.

In the next theorenR is an algebra(6, Y, <) is an stratifying system of sizeand
Y =], Y ().

Theorem 3.1. If RY is a generalized tiltingR-module and®, <) is standard then

(a) there is a set{eq, ez, ...,e;} of primitive orthogonal idempotents @t such that
RAG) ~0(w; 1)) foranyi =1,2, ..., 1,

(b) the stratifying systenigA, <) is standard and is the number of non-isomorphic sim-
ple R-modules.

Proof. SincerY is a generalized basic tilting-module we have that the number of non-
isomorphic simpleR-modules is equal to. Then the result follows from items (c) and (e)
of2.6. O

Corollary 3.2. Let R be an algebra. Then the following conditions are equivalent.

(a) The stratifying systentrA, <) is standard.
(b) There exists a standard stratifying systénY, <) of sizer such thatzY is a gener-
alized tilting R-module, whergY = ]_K:l Y (@@).

Proof. (a)= (b). LetgT = ]_U:l T (i) be the characteristic tiltin@-module associated to
(rA, <), see 1.8. Then by 2.1 we get th@A (i), T (i), <)§:1 is a stratifying system.
(b) = (a). This implication follows from the previous theorent

We recall that a full subcatego6/of modR is coresolvingif C is closed under exten-
sions, cokernels of injections ad#(Rg) € C.

The following proposition gives sufficient conditions for BamoduleY to be general-
ized tilting.

Proposition 3.3. Let (8, Y, <) be a stratifying system of sizandY = ]_[ﬁz1 Y(@). Then

@) Ex%(]—'(@), Z(9)) =0if and only ifZ(6) is coresolving,
(b) if Z(6) is coresolving theiExt, (Y, Y) = 0 for anyi > 0,



484 E.N. Marcos et al. / Journal of Algebra 280 (2004) 472-487

(c) if Exti(]—‘(@),I(@)) =0, pdY < oo and (9, <) is standard, ther¥ is a generalized
tilting R-module.

Proof. (a) Assume that E%t(}"(e),I(e)) =0.Let0— M - E — N — 0 be an exact
sequence withd, E € Z(9). So we get the exact sequence

Exts (X, E) — Exth(X, N) - Ext3(X, M) foranyX € F(6).

Since Ex}_(,(}"(e), E)=0and Exﬁ(}"(e), M) = 0 we obtain thatV € Z(6), proving that
Z(9) is closed under cokernels of injections.

Suppose thaf (9) is coresolving. LetM € F(0) and N € Z(0). SinceZ(#) is core-
solving there exists an exact sequenece & — Ip(N) — 2 1(N) — 0 with 2~Y(N)
Z(0). Therefore Ext (M, N) ~ Exth (M, 271(N)) = 0.

(b) SinceY € F(©) NZ(¥) andZ(0) is coresolving we get for any > 0 the exact
sequence 8> Y — Io(Y) > I1(Y) — -+ — [i_1(Y) — 27/(Y) — 0, wherel,, (Y) is an
injective R-module form = 0,1, ...,i — 1and2~(Y) € Z(8). Therefore EX{™ (Y, ) ~
Extk(¥, 271(¥)) =0.

(c) This item follows from (a), (b) and the fact thatR € F(0) C (addy)” (see
1.9(iv)). O

Remark 3.4. Observe that ER(F(6), Z(9)) = 0 if and only if Ex& (6, Z(6)) = 0.

We recall that the global dimension & is defined by gldimkR = sugpdX: X €
modR}, and the finitistic dimension ok is fin.dimR = supgpdX: X € P=*°(R)}.

Theorem 3.5. The algebrar is quasi-hereditary if and only i§ldim R < co and there is
a standard stratifying systef, <) such thatExt2 (F(9), Z(9)) = 0.

Proof. Recall that an algebr& is quasi-hereditary if and only R is a standardly stratified
algebra and has finite global dimension (see [1,4]).

Assume thaRr is quasi-hereditary. Then the stratifying systém, <) is standard and
gldim R < co. Hence by Theorem 1.6 from [1] we obtain thHaizA) is coresolving. There-
fore by 3.3(a) we get that EX(F (rA), Z(rA)) = 0.

For the reverse implication assume that Y, <) is standard, gldinR < co and
Ext%(]-‘(e),I(e)) = 0. Hence 3.3(c) holds and s@ is a generalized tiltingk-module.
The result follows now from 3.2. O

Remark 3.6. Note that the condition E%l(]-‘(@),I(G)) = 0 generalizes condition (iv) in
[2, Theorem 1].

The following result appears in [1,6]. The two examples, that follow the statement, show
that none of the conclusions hold for a general stratifying system.

Proposition 3.7 [1,6]. Let R be a standardly stratified algebra and’ be the characteristic
tilting R-module associated tgA, <). Then
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(a) F(rA) SP=>(R),
(b) F(rA) = (addgT)".

Example3.8. Let R ~ kQ, whereQ is the quivers’— 2. Consider the stratifying system
of size 2 given byd (1) = Y (1) = I, andf(2) = Y (2) = I;. We have the exact sequence

0> SH—-Y1H—->Y2—0

and the simples, ¢ F(0). This example shows that in genera(#) # (addy)¥ and that
F(0) is not necessarily closed under kernels of surjections.

The following example shows that in genefalgA) fails to be contained ifP<°°(R),
if (rA, <) is not standard.

Example 3.9. Let R ~ kQ/I, whereQ is the quiver® o1 = 2 ) andr? = 0. It can be
seen thagA(1) ¢ P=°°(R).

In the following three results we shall assume t{fgty', <) is a stratifying system of
size tandA = End(gY), whereY =[[i_, Y (i).

Lemma 3.10. If F(44) = P=>(A) then the following statements hold

@ if0—>M-—Yp —f> Y1 — 0is an exact sequence witfy, Y1 € addY, thenM € F(6),

(b)ifO—> M — Yy —f> K — 0 is an exact sequence witty € addY, K € F(0), then
M e F(6).

Proof. We will make use of the functorB andG defined in 1.9.

(@) Let 0— M — Yy 2 Y1 — 0 be an exact sequence wilfy, Y1 € addY. Since
Extk (Y1, Y) = 0 we get the exact sequence

0— Fv) 29 F(vo) > F(M) — 0. (%)

ThereforeN = F(M) € P=*°(A) = F(44). Applying the functorG to (x) we obtain the
exact sequence

0— G(N) —> Yo'—f> Y, — 0.

HenceM ~ G(N) € F(6).

(b) Let 0— M — Yy —f> K — 0 be an exact sequence willy € addY, K € F(0).
Using that Ex}e(K, Y) = 0 we get the exact sequence

0— F(K) 2 F(vo) > F(M) — 0. (%)
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SinceF(K) € F(4A) =P=*°(A) we have thalvV = F(M) € P=*°(A) = F(44). Apply-
ing the functorG to the exact sequencex) we obtain an exact sequence

0— G(N) —> Yoi> K — 0.
HenceM ~ G(N) e F(#). O
Coroallary 3.11. If F(4A) =P~*(A) thenF(#) = (addrY)".

Proof. The inclusionF(9) < (addgY)" follows from 1.9(iv). The other inclusion is a
consequence of the previous lemmax

Proposition 3.12. If F(9) = (addgY)", Exti (PSL(A), oY) = 0 and Ext, (Pa/F(44),
4Y) =0thenF(44) = P=>(A).

Proof. The proof is similar to the one given in the previous corollary and will be omit-
ted. DO

The following well known result will be needed to prove the curious Corollary 3.14.
Lemma 3.13. If R is a local algebra theffin.dimR = 0.

Corollary 3.14. If T is an indecomposabl&-module such thaExt}e(T, T) = 0 then
addT = (add7)V.

Proof. Let T be an indecomposable-module such that E}g(T, T) = 0. Consider the
systemd = {T}, Y = {T'}. Then (8, Y, <) is a stratifying system of size 1. Therefore
F () = addl and A = EndzT) is a local algebra. We will prove thgP=>°(A) =
F(44) and then by 3.11 we will get the result. Sindeis a local algebra we have
that 4A = {4A(1) = 4A} and F(44) = add4A. On the other hand, by 3.13 we have
P=<*(A)=addyA. ThenP=>*(A) = F(44), proving the result. O
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