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Abstract. Counting the periodic orbits of a one parameter family of dynamical systems generated
by linear expansions of the circumference we prove the following Euler-Fermat theorem: ifaandn
are positive integers, with no commen prime divisor, then a¥(®) = 1 mod (n), where ¢ is the Euler
function.

Using an ad hoc one-parameter family of circle maps, we proved in 1] the “Little
Theorem of Fermat”: If a is an integer and p is a prime number such that {a,p) = 1,
then

e~ =1 mod(p).

Euler invented the function (n) that counts the numbers smaller than n, which
are relatively prime to it and observed that the following generalization of the little
theorem is also true.

1.1 Theorem. (Euler-Fermat). If (a,n) = 1, then

a*'™ = 1 mod(n).

1981 Mathematics Subject Classification: 11, 58 .




200 H. CARRILLO AND J. R. GUZMAN
The proof of this theorem is based on the following lemma.

1.2 Lemma. Jf a is an integer and py,...,px ore prime numbers, not factors of a,
then for any i = 1,...,k, we have that

P00 (ru* Y = 1 mod (p2).

For the sake of completeness we recall here some basic properties of congruences,
as well as of the functions of Euler and M&bius, that will be used in the following
discussion.

() Fori=1,...,n, let a;,b;,m;, be integers such that a; = & mod(m;). Then we
have that a; = by mod{[my,ms,...,Mmn]), where the function [} represents the
least common multiple,

(i) If p is @ prime number and o is o positive integer then p(p®) = p® — p°~'.

(iii) Ifn =p®ps?...po*, where each p; is a prime number ond i is a positive integer,
then
pln) = e(pP p(P3?)---(pe*)) -

{iv) Mabius inversion formula: if f and F are arithmetic functions and if

f(n} =% F(d), then F(n) =3 p{d)f(3) where p(d) is the Mébius funtion:
din din

1if n=1,
p(n) = { 0 if there exist a € Z* such that a? | n,
(~1)%if n = py...px where the p; are distinct prime number .

Proof: ‘To prove this result we consider the monoparametric family of dynamical sys-
tems in the circunference whose orbits are recursively determined, for each initial
condition g € R, by the rule:

z(0) = ¢,
z{n) = az(n — 1) mod (1),

where the parameter a is a positive integer. For each fixed a, a point ¢ € R is called
periodic of period n, if z(n) = ¢ mod (1), that is to say, if a”g = g+ k, for some some
integer k. We say that d is the minimal period of the point g, if it is the minimal
natural with this property. Therefore, the set of periodic points g, of period n is:

Per(n):{an_l
fo 12 -2 k Cen
_{o'a"-l'a"'-l""'a"-l}u{a"—l mod(1):k2a 1},

_{0 1 2 . a"-2
Ve -1 -1

mod(l):keN},
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Hence, the number of periodic points of period n is a" — 1. Now, if N(d) is the number
“of periodic orbits of minimal period d, then |Per(n)| =3, dN(d), where || denotes
dfn

cardinality
Let p be a prime number which is not a factor of a. Then, for all positive integer
a, we have that |Per(p®)| = o*" — 1 = ¥ dN(d). Applying Mdbius formula to this
d/p

equation we obtain that:

P> N{p*) =2 p(d)(a';' -1)= aﬂ"’(av(p') -1).

d/p*

From this equation we can conclude that p* | a®~ (¢*?*) — 1). On the other
hand, (p,e) = 1, implies that (p®,a?"”") = 1 and from this it follows that p* |
{a¥'P") ~ 1). Then, given a prime number p;, and a positive integer o, we have that
a®®i') = 1 mod (p®) . Thus, there is k; € Z such that a?#i') = 1 4 k;p?*. From this

we get that @t )-whi") = (14 kip® )™, wherery =[] o(p;). Then
j=1,....k
Feki

a® @ epa ™) 0lBY) ] = (1 4 RypR ) -1
- (7)ot + () G s+ (7
)

applying the binomial form_ula. From the fact that (;‘) is an integer, when j < 1y,

the assertion of the lemma follows. o

Proof of Theorem (1.1).

We assume that n = p2'p3?...pS*, with each p; a prime number and a; a posi-
tive integer, and consider an integer a such that {a,n) = 1. Then (p;,a) = 1, for
i=1,...,k, and using the lemma we have that a?Pi )esa®)ePu") = 1 mod (p2°),
for any p;. Using the basic property of congruences, i), we infer that a®t#t)elr?) =
1 mod (p'ps? ... ps*) and then, from the fact that the Euler y function is multiplica-
tive, the theorem follows. a

Historical Note.

It is known [2] that Leibnitz had proved the Little Theorem 49 years before Euler,
who discovered the proof in 1732 and published it in 1738, but, as Leibnitz did not
publish it, the credit have been given to Euler.
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