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Life-threatening arrhythmias such as ventricular tachycardia and fibrillation often occur during
acute myocardial ischemia. During the first few minutes following coronary occlusion, there is a
gradual rise in the extracellular concentration of potassium ions (@K1#0) within ischemic tissue.
This elevation of@K1#0 is one of the main causes of the electrophysiological changes produced by
ischemia, and has been implicated in inducing arrhythmias. We investigate an ionic model of a 3
cm33 cm sheet of normal ventricular myocardium containing an ischemic zone, simulated by
elevating@K1#0 within a centrally-placed 1 cm31 cm area of the sheet. As@K1#0 is gradually
raised within the ischemic zone from the normal value of 5.4 mM, conduction first slows within the
ischemic zone and then, at higher@K1#0 , an arc of block develops within that area. The area distal
to the arc of block is activated in a delayed fashion by a retrogradely moving wavefront originating
from the distal edge of the ischemic zone. With a further increase in@K1#0 , the point eventually
comes where a very small increase in@K1#0 ~0.01 mM! results in the abrupt transition from a global
period-1 rhythm to a global period-2 rhythm in the sheet. In the peripheral part of the ischemic zone
and in the normal area surrounding it, there is an alternation of action potential duration, producing
a 2:2 response. Within the core of the ischemic zone, there is an alternation between an action
potential and a maintained small-amplitude response~;30 mV in height!. With a further increase
of @K1#0 , the maintained small-amplitude response turns into a decrementing subthreshold
response, so that there is 2:1 block in the central part of the ischemic zone. A still further increase
of @K1#0 leads to a transition in the sheet from a global period-2 to a period-4 rhythm, and then to
period-6 and period-8 rhythms, and finally to a complete block of propagation within the ischemic
core. When the size of the sheet is increased to 4 cm34 cm~with a 2 cm32 cm ischemic area!, one
observes essentially the same sequence of rhythms, except that the period-6 rhythm is not seen. Very
similar sequences of rhythms are seen as@K1#0 is increased in the central region~1 or 2 cm long!
of a thin strand of tissue~3 or 4 cm long! in which propagation is essentially one-dimensional and
in which retrograde propagation does not occur. While reentrant rhythms resembling tachycardia
and fibrillation were not encountered in the above simulations, well-known precursors to such
rhythms ~e.g., delayed activation, arcs of block, two-component upstrokes, retrograde activation,
nascent spiral tips, alternans! were seen. We outline how additional modifications to the ischemic
model might result in the emergence of reentrant rhythms following alternans. ©2000 American
Institute of Physics.@S1054-1500~00!00102-6#
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Heart attack, a leading cause of death in the industrial-
ized world, is most often caused by a reduction in the
flow of blood to the heart muscle „‘‘myocardial is-
chemia’’…, typically as a result of blockage of one or more
of the coronary arteries „‘‘coronary occlusion’’ …. When
the ischemic episode is sufficiently long and intense, car
diac muscle dies„‘‘myocardial infarction’’ …. However, an
individual can sometimes die within the first few minutes
following the onset of ischemia „‘‘sudden cardiac
death’’…, before heart cells have a chance to die. Death in
this situation is due to a disturbance in the rhythm of the
heartbeat „‘‘cardiac arrhythmia’’ … that renders the
pumping action of the ventricles ineffective. It has been
known for many years that during acute myocardial is-
chemia this phase of malignant reentrant ventricular ar-
rhythmias „especially ventricular tachycardia and fibril-
lation… is often preceded by a phase in which there is a
beat-to-beat alternation in the electrical activity of the
heart „‘‘electrical alternans’’ …. It has been suggested that
alternans is the result of a supercritical period-doubling
bifurcation, while fibrillation might be chaotic behavior
resulting from a subsequent cascade of period-doubling
bifurcations as the ischemia becomes more profound
However, the exact nature of any causal relationship be-
tween alternans and fibrillation has not yet been demon-
strated. Due to the rapid progression of events during
ongoing myocardial ischemia, it is very difficult to sort
things out in experimental work. We have therefore used
numerical simulations with a spatially-distributed ionic
model of ischemic ventricular muscle to investigate more
exactly what happens as ischemia progresses. While w
find that alternans and higher-order rhythms occur in
the model as ischemia progresses, we have not been ab
to produce sustained spiral-wave activity corresponding
to reentrant arrhythmias such as ventricular tachycardia
and fibrillation. Nevertheless, we do see several of the
other phenomena that commonly occur just before such
arrhythmias make their appearance.

I. INTRODUCTION

Beat-to-beat alternation of the morphology of the ele
trocardiogram, electrogram, or transmembrane poten
~‘‘electrical alternans’’! has consistently been associat
with ventricular arrhythmias in several different situations1,2

In particular, there is considerable clinical evidence that
ternans is a frequent occurrence during episodes of a
myocardial ischemia.2–13There is also overwhelming exper
mental evidence for electrical alternans duri
ischemia.5,6,9,12,14–36

The onset of alternans is very rapid, typically occurri
within the first few minutes following coronary artery occlu
sion, and ventricular arrhythmias, including premature be
and ventricular tachycardia and fibrillation, often start so
after the onset of alternans. The close temporal associatio
alternans with arrhythmias has led to the suggestion
alternans—perhaps of an amplitude too small to be dete
by the naked eye on the electrocardiogram—be monitore
a harbinger of the impending arrhythmias.2,5,9,12,13,32,37–40In-
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deed, there is now a device commercially available t
quantifies the degree of occult alternans present in the e
trocardiogram using power spectral analysis in an attemp
risk stratification.41

Despite the close temporal relationship of alternans w
arrhythmias, it is not clear whether there is any direct cau
relationship—i.e., whether the alternans is inseparably
volved in generating the arrhythmias or is merely an epip
nomenon having little or nothing to do with the induction
maintenance of the arrhythmias. Particularly intriguing
this context is the fact that various alternans rhythms h
been associated with supercritical period-doubling bifur
tions in several other situations in cardiac electrophysiolo
not involving ischemia, and that a cascade of such peri
doubling bifurcations can result in chaotic cardi
dynamics.42–51 In addition, the marked irregularity of ven
tricular fibrillation has naturally lead to deliberation o
whether or not it might be chaotic,38,52–56 perhaps being a
manifestation of multiple-spiral-wave chaos.57–61

However, the fundamental mechanisms underlying
chemic alternans are still to a large extent unknown. Beca
of the somewhat intractable problems inherent in addres
alternans and arrhythmias in experimental work~lack of sta-
tionarity and reproducibility of phenomena during ongoi
acute myocardial ischemia, difficulty of recording transme
brane potential from many sites on a fine spatial scale w
out artifact, inability to record intercellular flows of current!,
we decided to carry out a numerical study using an io
model of ventricular muscle from which these drawbacks
expressly excluded.

II. METHODS

Ischemic ventricular arrhythmias are caused by alt
ations in the normal electrophysiological properties of ve
tricular muscle. These changes include depolarization of
resting membrane potential, fall in the overshoot poten
and action potential amplitude, shortening of the action
tential duration, slowing of the upstroke velocity and t
conduction velocity, and the appearance of post-repo
ization refractoriness~for reviews see Refs. 62, 63!. These
abnormalities are caused by the effects on ionic current
several disturbances produced by ischemia: e.g., hypo
acidosis, increased extracellular potassium concen
tion.62–64 Perhaps the single most important factor is the
crease in extracellular potassium concentration (@K1#0)
which can go from the normal value of;4–5 mM to as high
as;15 mM in the core of the ischemic zone within the fir
few minutes following coronary occlusion.65,66 At all sites
within the ischemic zone, there is a high correlation betwe
the degree of electrophysiological impairment and the lo
rise in @K1#0 ~e.g., compare Fig. 4 in Ref. 67 with Figs.
and 8 in that paper!. In addition, regional coronary arter
perfusion with a highK1 solution mimics much of the be
havior seen during acute myocardial ischemia, including
ternans and ventricular arrhythmias.66,68,69We decided there-
fore, as in previous work,70 to model the ischemic ventricle
r copyright; see http://chaos.aip.org/about/rights_and_permissions
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as a two-dimensional sheet of normal myocardium with
area of elevated@K1#0 embedded within its interior to rep
resent the ischemic zone.

The first step in modeling is to choose a particular io
model of normal ventricular muscle from the many mod
now available~see, e.g., the list in Ref. 70!. We have avoided
using one of the more recent ‘‘second-generation’’ mod
that have the sodium–potassium pump, the sodium–calc
exchanger, and internal calcium handling since there
complications with this class of models involving long-ter
drifts of ionic concentrations71–73 and degeneracy o
equilibria.74,75 We have selected the Luo and Rudy~LR!
first-generation model76 largely because it has@K1#0 as a
parameter, which is essential for our modeling of the
chemic zone.

One deficiency of the LR model, which is carried ov
from the Beeler–Reuter model from which it was derived
that one can obtain unphysiologic spike-like action potent
of extremely brief duration at a relatively long diastolic i
terval when the stimulus amplitude is low. This artifact o
curs because the time constant for activation of the calc
current (I s) is about an order of magnitude too large in t
LR model. To minimize this artifact, which can manife
itself when excitability is low in an area of elevated@K1#0 ,
we have decreased the time constant for the activation oI s

(td) by a factor of 10, which then puts it into the physiolog
range.70,77 This modification reduces the action potential d
ration ~measured from upstroke to260 mV on the repolar-
izing limb of the action potential! in the standard LR space
clamped model when paced at a basic cycle length of 400
from ;290 ms to;237 ms, which is within the range o
values encountered in normal ventricular tissue paced at
basic cycle length in human beings78–80 and in the species
most commonly used in experimental work on ischem
arrhythmias.23,29,30We have used the equations appearing
Table I and the body of the text of Luo and Rudy~1991!,76

together withRT/F526.5 mV.
We model a two-dimensional sheet of isotropic ventric

lar muscle by the two-dimensional cable equation,

S ]2V

]x2
1

]2V

]y2 D 5rSnS Cm

]V

]t
1I ionD ,

whereV is the transmembrane potential~mV!, x and y are
spatial coordinates in the sheet~cm!, r is the bulk cytoplas-
mic resistivity~0.2 kV-cm!, Sn is the surface-to-volume ratio
~5000 cm21), Cm is the specific membrane capacitance~1
mF cm22), t is time ~ms!, and I ion is the total ionic current

TABLE I. Periodicity of rhythms as function of@K1#0 ~mM!

Sheet Strand
Period ~3 cm33 cm! ~3 cm30.125 cm!

1 9.00–13.39 9.000–13.104
2 13.40–13.69 13.105–13.380
4 13.70–13.72 13.400–13.430
6 13.729–13.733 13.435–13.450
8 13.734 13.455

Complete block 13.735–14.000 13.460–14.000
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(mA cm22) given by the LR model. We use an explic
integration scheme, with forward Euler integration for t
internal calcium concentration, and an exact analytic form
for the activation and inactivation variables~for further de-
tails of the integration scheme, see Ref. 70!. The temporal
integration step-size (Dt) is 0.025 ms and the spatial inte
gration step-size (Dx5Dy) is 0.025 cm.59 The one-
dimensional space-constant isl5(Rm /rSn)1/2>0.06 cm,
whereRm is the specific membrane resistance~3.55 kV-cm2

at the nominal LR value of@K1#0 of 5.4 mM!. The diffusion
constantD51/(rSnC)51023 cm2 ms21, so that the von
Neumann linear stability criterion@(Dx)2/Dt.4D# is satis-
fied. This integration scheme results in a planar-wave pro
gation velocity from infinite-rest initial conditions of 55 cm
s21, which increases by 13% to 62 cm s21 when a 2.5 fold
finer space–time discretization grid is used (Dt50.01 ms
and Dx5Dy50.01 cm!. The maximum upstroke velocity
from infinite-rest initial conditions is 343 V s21. Simulations
were carried out on Pentium Pro~200 MHz! and Silicon-
Cray Origin 2000 machines using programs written in
~;16 significant decimal places!.

III. RESULTS

We investigate the propagation of the action potentia
a 3 cm33 cm square of ventricular muscle~1203120 nu-
merical grid! with a centrally placed 1 cm31 cm ischemic
zone~grid-points 40 to 80 in both directions!. Stimulation of
this quiescent sheet is provided by injecting a periodic tr
of current pulses~amplitude5300mA cm22>twice diastolic
threshold, duration51 ms! into the column of elements alon
the left-hand edge of the sheet at a basic cycle length~BCL!
of 400 ms, which is in the middle of the range of pacin
intervals typically employed in experimental work on i
chemic arrhythmias~300–500 ms!.18,21,29–32,37A series of
simulation runs was made, with@K1#0 in the ischemic area
being increased on each new run. Initial conditions were
tained at each new@K1#0 by setting the variables in both th
normal and ischemic areas equal to their correspond
space-clamped steady-state values and then allowing 1
ms to pass to allow time for equilibration towards th
asymptotic steady-state rest condition, at which time the fi
stimulus pulse was injected.

A. 1:1 rhythm with orthograde propagation

For @K1#0 not too high, the action potential propagat
throughout the entire sheet. Figure 1~A! shows the activation
map of the transmembrane potentialV at four different times
with @K1#0512.0 mM in the ischemic zone~dark red corre-
sponds to the most depolarized potential, dark blue to
most hyperpolarized: see the color-bar map at the extre
right in Fig. 1!. At t510 ms (t50 ms corresponds to the sta
of delivery of the tenth stimulus pulse at BCL5400 ms! the
activation wavefront, which is traveling as a plane wave, h
not yet reached the ischemic area@the leftmost panel of Fig.
1~A!#. As the wavefront penetrates into the ischemic zo
@the centrally-placed slightly depolarized area in light blue
Fig. 1~A!#, the conduction velocity falls, causing the activ
tion wavefront to become curved@Fig. 1~A!: t530 ms#.
r copyright; see http://chaos.aip.org/about/rights_and_permissions
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FIG. 1. ~Color! ~A! 1:1 rhythm with anterograde propagation(@K1#0512.0mM in the ischemic zone). Activation maps~transmembrane voltage as a functio
of location in the sheet! showing propagation of the tenth action potential at BCL5400 ms. The time indicated for each map is the time following the s
of injection of the tenth stimulus pulse. The calibration scale at right is for the transmembrane potential. Propagation speed is decreased in the ischemic zone
~the light blue area in the leftmost panel! producing delayed activation with respect to the normal zone.~B! 1:1 rhythm with retrograde propagation
(@K1#0513.39mM in the ischemic zone).Activation maps showing that activation of a part of the distal end of the ischemic zone is markedly delaye
wavefronts propagating in the normal area above and below the ischemic zone now retrogradely invade it in an encircling movement.~C! Period-2 rhythm
(@K1#0513.45mM in ischemic zone).The activation maps in the upper row pertain to the conducted beat@as in~A!, ~B!#, while those in the lower row pertain
to the blocked beat in which the core of the ischemic zone remains unexcited. A repolarization wave expands out from this unexcited area. The rhy:1
in the unexcited core of the ischemic area, and 2:2 outside of this area.
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This decrease in conduction velocity is associated wit
reduced amplitude and upstroke velocity of the action pot
tial @action potentialsa,b,c in Fig. 2~A! are taken from the
corresponding locations in Fig. 1~A!#. These two effects are
in turn caused by theK1-induced depolarization of the res
ing membrane potential@RMP in Fig. 2~B!# and subsequen
resting inactivation of the fast inward sodium current. T
loaded 06 Feb 2011 to 132.248.9.8. Redistribution subject to AIP license o
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increasing depolarization of the resting membrane poten
as the proximal edge of the ischemic zone is approached
traversed causes a gradual fall in the overshoot poten
~OS!, the peak voltage attained by the action potential@Fig.
2~B!#. The action potential amplitude~the difference be-
tween OS and RMP! thus also gradually falls in the borde
zone~a thin annular region spreading out on both sides of
r copyright; see http://chaos.aip.org/about/rights_and_permissions
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FIG. 2. 1:1 rhythm with anterograde propagation
(@K1#0512.0 mM in the ischemic zone).~A! Trans-
membrane potential versus time from three positio
marked by 3 in the leftmost map in Fig. 1~A! (x
50.5, 0.975, and 1.5 cm fora, b, andc, respectively!.
~B! Overshoot potential~OS! and resting membrane po
tential ~RMP! measured along a horizontal line passin
through the pointsa, b, andc in Fig. 1~A!.
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normal/ischemic boundary! as the ischemic zone is ap
proached and entered@Fig. 2~B!#. Indeed, one even begins t
see two-component upstrokes of the action potential towa
the center of the ischemic zone@Fig. 2~A!: trace c#. The
action potential duration~APD! also shortens significantly
within the ischemic zone@Fig. 2~A!#. However, as the dista
edge of the ischemic zone is approached, the reverse pro
occurs, with a gradual recovery of resting membrane po
tial, overshoot potential, action potential amplitude, AP
and conduction velocity back to their normal values as
distal border zone is traversed@Fig. 2~B!#. There is therefore
decremental conduction as the wavefront invades the
chemic zone and incremental conduction as it leaves.

Thus, for@K1#0 sufficiently small, the sheet as a who
displays a global 1:1 activation pattern, with any given loc
tion on the sheet being activated on each beat at a fi
latency ~‘‘activation time’’! following the stimulus pulse.
The maximum value of the activation time within the i
chemic zone occurs at the central part of the distal ed
where it is;40 ms@Fig. 1~A!: t540 ms#.

B. 1:1 rhythm with retrograde propagation

As @K1#0 is raised further beyond 12 mM, the condu
tion velocity progressively falls within the ischemic zon
but the global 1:1 activation pattern is maintained. Howev
there eventually comes a point where there is a change in
activation sequence within the ischemic zone. Figure 1~B!
shows the situation at@K1#0513.39 mM: there is still a
global 1:1 rhythm, but the activation wavefront that had p
viously successfully propagated through the ischemic zon
a lower@K1#0 @e.g., 12.0 mM in Fig. 1~A!# is blocked within
the ischemic zone, creating an arc of conduction block@Fig.
1~B!: t530 ms andt540 ms#. The amplitude of the action
potential gradually falls as it travels within the ischem
zone, until only a residual small-amplitude response rema
~the first upward deflection in tracec of Fig. 3!. An area
within the ischemic zone, with its center lying just to th
right of the center of the ischemic zone@Fig. 1~B!: t>40
ms#, is now activated by two wavefronts that merge a
retrogradely invade the ischemic zone across its right-h
border, after traveling initially in the normal myocardiu
above and below the ischemic zone@ t540 ms in Fig. 1~B!#.
A third source of stimulation current to this area is the part
loaded 06 Feb 2011 to 132.248.9.8. Redistribution subject to AIP license o
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the depolarized area surrounding this core that was activ
earlier in the orthograde fashion. As time proceeds, this
excited core area shrinks in size very slowly@Fig. 1~B!: bot-
tom row of panels#, being activated in a very delayed fashio
@maximum activation time of;100 ms in Fig. 1~B! versus
;40 ms in Fig. 1~A!#, producing the slowly rising action
potential following the small-amplitude response in tracec
of Fig. 3. Delayed activation is almost invariably seen duri
experimental work on ischemia, and is responsible for p
ducing a fractionated electrogram at sites within the ische
zone.16,19,27,28,30,81,82

C. Alternans

As @K1#0 is increased further, there is eventually a su
den loss of the global 1:1 activation pattern. For the fi
time, there are now elements of the sheet that no lon
respond to each stimulus with an action potential. The c
tral core of the ischemic zone is activated only on altern
beats, resulting in a local 2:1 response. The two rows
panels in Fig. 1~C! show activation maps on alternate bea
at @K1#0513.45 mM~top row: conducted beat; bottom row
blocked beat!. On both the conducted and blocked beats,
action potential decrements in amplitude as it enters
traverses the proximal part of the ischemic zone@tracesa, b
in Fig. 4~A! and Fig. 4~B!, respectively#, as during 1:1
rhythm @Figs. 1~A!, 1~B!, 2, 3#. However, there is a greate
degree of decrement for the blocked beat than for the c
ducted beat@compare the two activation maps att535 ms in
Fig. 1~C! and the two action potentials at locationb in Figs.
4~A! and 4~B!#. The action potential on the blocked beat fa

FIG. 3. 1:1 rhythm with retrograde propagation(@K1#0513.39mM in the
ischemic zone).Transmembrane potential at the points indicated in the le
most panel of Fig. 1~B! @the same locations as in Fig. 1~A!#. The response at
sitec now exhibits two components: the first is a small-amplitude deflect
associated with anterograde propagation, while the second is a very de
slow-response action potential associated with retrograde propagation.
r copyright; see http://chaos.aip.org/about/rights_and_permissions



al

-
at

a
:2

416 Chaos, Vol. 10, No. 2, 2000 Arce et al.

Down
FIG. 4. Period-2 rhythm(@K1#0513.45mM in the is-
chemic zone).Action potentials~top row! and maxi-
mum voltage map~bottom row! for the conducted beat
~A! and the blocked beat~B! of Fig. 1~C!. The traces
obtained at sitesa and b exhibit a 2:2 rhythm~i.e.,
alternans!, which is more obvious at locationb, which
lies in the normal area just to the left of the proxim
edge of the ischemic zone@see the leftmost panel in
Fig. 1~A! or 1~B! for site locations#. The core of the
ischemic zone~sitec! displays a 2:1 rhythm. The maxi
mum voltage map gives the highest voltage reached
each point within the ischemic zone~not the entire
sheet! during the 400 ms of the pacing cycle. There is
2:1 rhythm in the core of the ischemic zone, with a 2
rhythm in the surrounding area.
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in size with increasing penetration into the ischemic zone
the point where only a barely noticeable subthreshold e
trotonic response remains@trace c in Fig. 4~B!#. Note that
this occurs despite the fact that the distal edge of the
chemic zone is again invaded by a wavefront traveling in
retrograde direction, as with the conducted beat. Indeed,
ing the period of time corresponding to that during which t
central area is being activated by an inwardly moving wa
of depolarization on the conducted beat@top row of Fig.
1~C!: t555 and 130 ms#, there is in contrast a wave of re
polarization propagating away from that area on the bloc
beat@bottom row of Fig. 1~C!: t555 and 130 ms#.

The size of the area of 2:1 block is perhaps best ap
ciated from the ‘‘maximum voltage map,’’ which gives th
maximum transmembrane voltage~which is the overshoo
potential when the response is an action potential! attained
during the course of one pacing cycle at each location. F
ures 4~A! and 4~B! ~bottom panels! show this map for the
ischemic zone alone~i.e., not for the entire sheet! on alter-
nate beats. Figure 4~B! ~bottom panel! shows that there is a
large area of the ischemic zone that remains unexcited on
blocked beat, remaining at its resting potential of about260
mV, with decremental propagation into that area from
surrounding annular area. As@K1#0 increases in the rang
over which 2:1 block occurs, there is a growth in the size
this area of 2:1 block.

Note that there is a marked beat-to-beat alternation
action potential morphology at locationb in Fig. 4. We refer
to this as a 2:2 response, since the behavior is periodi
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time with the repeating unit consisting of two stimuli an
two action potentials of different morphologies. Inspecti
of the voltage waveform at locations increasingly to the rig
of locationb reveals that the degree of alternation increas
with the smaller of the two action potentials gradually fallin
in size. Eventually, this action potential is extinguished, t
minating in a subthreshold response that decays in size a
center of the ischemic core is approached. At some loca
that depends on one’s arbitrary definition of an action pot
tial, the 2:2 response is thus replaced by a 2:1 respo
Conversely, as one examines locations increasingly to
left of b, the degree of alternation gradually becomes l
pronounced~see, e.g., locationa in Fig. 4!. Indeed, 1.25 mm
away from the left edge of the sheet~i.e., 8.75 mm from the
left-hand boundary of the ischemic zone!, the difference in
APD of the two action potentials is only 8 ms. Thus, a cu
sory examination of voltage traces at a site sufficiently to
left of locationa in a sheet with a large enough normal ar
surrounding the ischemic area might lead to the misinterp
tation that a 1:1 response is present, since closer inspec
would reveal a very slight degree of alternation. In a shee
infinite size, one would recover the 1:1 response in the li
of the measurement site being infinitely far away from t
ischemic core.

The transition to 2:1 block in the ischemic core@Figs.
1~C!, 4# occurred abruptly, given that a 1:1 rhythm was se
at a value of@K1#0 only 0.06 mM lower@Figs. 1~B!, 3#.
While a direct transition from 1:1 rhythm to 2:1 rhythm wit
no intervening rhythms has been described in periodic
r copyright; see http://chaos.aip.org/about/rights_and_permissions
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driven single rabbit ventricular cells and in the spac
clamped LR model,83 the transition can also be indirect, wit
Wenckebach84–86or alternans87,88 rhythms being seen befor
the 2:1 rhythm makes its appearance. We therefore w
back and investigated the transition from period-1
period-2 rhythm in the sheet more closely. This transition
very abrupt, being seen when@K1#0 is raised by as little as
0.01 mM. Figure 5~A! shows the maximum voltage map o
the period-1 rhythm seen at@K1#0513.39 mM @Fig. 1~B!#,
while Fig. 5~B! shows the maximum voltage map on alte
nate beats of the period-2 rhythm encountered at@K1#0

513.40 mM. During this period-2 rhythm, the response
the core of the ischemic area is not a 2:1 rhythm, since
alternate beats the maximum voltage in that area is ab
230 mV @the top panel of Fig. 4~B!#, and not the resting
membrane potential of;260 mV as in the 2:1 response o
Fig. 4 ~where @K1#0 is only slightly higher at 13.45 mM!.
The time-course of the transmembrane potential in the c
of the ischemic area on this beat is very similar to that of
first deflection seen in tracec of Fig. 3. While this waveform
resembles a subthreshold deflection, and not an action po
tial, it does not decrement electrotonically with distance
does the classic subthreshold response, but rather is m
tained in size and shape over a distance of several s
constants@the upper panel of Fig. 5~B!#. We term this re-
sponse the ‘‘maintained small-amplitude response.’’ Giv
that this response is not a decrementing one as in Fig. 4~B!,

FIG. 5. Transition from period-1 to period-2 rhythm.Maximum voltage
maps of the ischemic zone.~A! Period-1 rhythm at@K1#0513.39 mM.~B!
Period-2 rhythm at@K1#0513.40 mM~the top panel is a maintained smal
amplitude response; the bottom panel is the full-sized propagated a
potential!. Note that while voltage scales are the same in~A! and the bottom
panel of~B!, a different voltage scale is used in the top panel of~B!.
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one has a 2:2 rhythm in the ischemic core—and everywh
else in the sheet. When@K1#0 is raised to 13.45 mM, the 2:2
rhythm in the core of the ischemic zone converts into a
rhythm @Figs. 1~C!, 4#, which persists to@K1#0513.69 mM.

Note also that the maximum voltage during 1:1 rhyth
~which corresponds to the overshoot potential! just before
the transition to period-2 rhythm@Fig. 5~A!# is lessthan the
overshoot potential of the action potential during 2:2 rhyth
just after the transition@the lower panel of Fig. 5~B!#. The
explanation for this is that the recovery time or diasto
interval preceding the longer duration action potential of 2
rhythm is larger than that of the action potential of 1
rhythm. This longer recovery time also accounts for the f
that the delay seen at sitec is less for this action potential
during period-2 rhythm than for the action potential
period-1 rhythm@compare upper rows of Figs. 1~B! and 1~C!
and also action potentials in Figs. 3 and 4~A!#.

In summary, as@K1#0 is raised from 13.39 to 13.40 mM
the sheet as a whole makes a transition from a glo
period-1 rhythm to a global period-2 rhythm with each e
ment in the sheet responding with a period-2 rhythm. O
side the ischemic core, propagating action potentials of
different morphologies can be identified on alternate be
Within the ischemic core, one instead finds a maintain
small-amplitude response on alternate beats. Further el
tion of @K1#0 in the ischemic zone to 13.45 mM results
this response decaying electrotonically, producing an are
2:1 block within the ischemic core@Figs. 1~C!, 4#.

D. Higher-order rhythms

The period-2 response with a 2:1 block in the ischem
core persists to@K1#0513.69 mM. Increasing@K1#0 by
only 0.01 mM to 13.70 mM results in the 2:1 response in
core being abruptly replaced with a 4:1 response. Figur
shows the action potential waveforms and the correspond
maximum voltage maps for the four beats of the period
cycle. For three of the four beats of the cycle the act
potential decrements to the point where it vanishes, leav
at most a barely discernable subthreshold response at
tion c ~the bottom three rows of Fig. 6! and a core of unex-
cited myocardium~maximum voltage maps in the rightmo
column of Fig. 6!.

Examination of the voltage waveform at locations b
tween sitesa and c reveals that there is a transformatio
~‘‘spatial bifurcation’’!38 of the local rhythm with increasing
penetration into the ischemic zone. At sitesa and b, a 4:4
rhythm is seen~the first two columns of Fig. 6!. As one
moves deeper into the ischemic zone, the first action po
tial to drop out is the one in the second row of Fig. 6, there
producing a local 4:3 rhythm. As one moves still deeper in
the ischemic zone, the second action potential to drop ou
the one in the last row, resulting in a local 4:2 response. T
third and last to die out is the one in the third row, produci
a 4:1 rhythm~e.g., sitec: third column of Fig. 6!. This order
of dropout is also reflected in the relative sizes of the area
block for the respective beats~see voltage maximum maps o
the ischemic area in the extreme-right column of Fig. 6!. The
sequence of rhythms observed locally as one traverses

on
r copyright; see http://chaos.aip.org/about/rights_and_permissions
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FIG. 6. Period-4 rhythm (@K1#0

513.7mM).Transmembrane potentia
~at same three sites as in Fig. 1! and
maximum voltage maps on the fou
beats of the period-4 cycle. The bea
shown in the first row is the conducte
beat; the other three beats are blocke
each at a different point along the con
duction pathway~see the text for a fur-
ther description!.
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ischemic zone is thus$4:4→4:3→4:2→4:1%. Bifurcations
are not involved in this sequence; rather there is a chang
a quantity corresponding to the winding number or rotat
number in periodically stimulated limit-cycle oscillators.89

Again, the 4:4 rhythm might be mistakenly identified as 1
rhythm~or perhaps 2:2 rhythm! in an area sufficiently remote
from the central area of 4:1 block.

The period-4 rhythm exists for@K1#0 5 13.70–13.72
mM. A further increase in@K1#0 results in a transition to a
period-6 rhythm, with 6:1 block in the central ischemic co
for @K1#0513.729– 13.733 mM. As with the period-
rhythm, there is a sequence of local rhythms seen as
ischemic area is traversed$6:6→6:5→6:4→6:3→6:2→6:1%.
Raising @K1#0 by 0.001 mM to 13.734 mM results in
period-8 rhythm, with 8:1 block in the core~to identify this
higher-order rhythm, it is necessary to inject;50 stimuli!.
Finally, when @K1#0 is raised by another 0.001 mM t
13.735 mM, there is a complete block in the ischemic c
~i.e., no action potentials make it through!, which agrees with
the experimental finding that inexcitability occurs f
@K1#0.13.5 mM.66 At a value of @K1#0 where there is
complete block, one can see a 1:0, 2:0, or 4:0 rhythm,90–92

depending on the precise value of@K1#0 . In a 2:0 or 4:0
rhythm, the size of the subthreshold deflection is not inva
ant from beat to beat~2:0 rhythms have been recorded duri
ischemia—see, e.g., Fig. 5 of Ref. 6!.

Our results over the range of@K1#0 that we have inves-
tigated are summarized in the first two columns of Table I
brief, as@K1#0 in the ischemic zone is raised from its norm
value of 5.4 mM up to 14 mM, one sees the following ser
of transitions: period-1 rhythm with orthograde transmiss
through entire ischemic zone→period-1 rhythm with retro-
grade transmission through a distal part of the ischemic z
loaded 06 Feb 2011 to 132.248.9.8. Redistribution subject to AIP license o
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→period-2 rhythm~2:2 response in the ischemic core fo
lowed by a 2:1 response!→period-4 rhythm→period-6
rhythm→period-8 rhythm→rhythms of complete block.

An obvious question is whether a different sequence
rhythms would be seen if the size of the sheet were to
changed. Due to the heavy computational requirements,
have investigated in detail only one other size of sheet:
cm34 cm sheet with a 2 cm32 cm ischemic area. In tha
case we see essentially what we have reported above,
the sole exception being that the period-6 rhythm is not se
instead there is a transition from period-4 to period-8 rhyt
as @K1#0 is raised from 13.460 to 13.465 mM.

E. Role of retrograde activation wavefront

As @K1#0 is raised, the first abnormality reported abo
was a slowing of anterograde conduction within the ischem
zone@Fig. 1~A!#. The next abnormality noticed was a depa
ture from the normal activation sequence, with retrogra
propagation and markedly delayed activation of a distal p
of the ischemic zone@Fig. 1~B!#. At this level of @K1#0 ,
there is a long delay~;50 ms! from the peak of the first
deflection in tracec of Fig. 3 to the action potential upstrok
@this can also be appreciated from the very long time tha
takes the circle of unexcited tissue to become excited in
lower row of panels in Fig. 1~B!#. Note that byt550 ms
@Fig. 1~B!# the two activation wavefronts traveling upward
and downwards in the normal area to the right of the
chemic area@Fig. 1~B!: t540 ms# have already merged; in
deed, they have almost exited the sheet. However, at
time, the small-amplitude response at locationc is still
present~Fig. 3: tracec!. The very long delay in the region o
delayed activation is presumably due to a combination of
r copyright; see http://chaos.aip.org/about/rights_and_permissions
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very small amount of inward current available at this dep
larized potential93 and geometrical effects due to the hig
curvature of the activation wavefront.94

The existence of three spatially-separated sources of
citation current~one anterograde, two retrograde! makes an
analysis of what is happening in Fig. 1~B! very difficult. In
particular, a natural question is whether this complicated s
tial behavior is somehow involved in generating the bifurc
tion sequence reported above. We therefore simplified
situation by cutting away large areas at the top and bottom
the sheet, including the entire normal area above and be
the ischemic zone, thus obliterating the source of the re
grade wavefront. This surgery leaves a thin strand of tissu
cm long and only 1.25 mm wide, with normal tissue at
left- and right-hand ends, and ischemic tissue in its midd

As @K1#0 is raised in the strand, one again has a
rhythm for @K1#0 sufficiently low. Unlike the case with the
sheet@Fig. 1~B!#, during 1:1 rhythm there is now always a
most one activation wavefront present in the strand, mak
its way from left to right~again with decremental conductio
as it enters the proximal border zone and incremental c
duction as it leaves the ischemic zone!. There is once again
an abrupt transition to period-2 rhythm as@K1#0 is raised by
the almost infinitesimal amount of 1mM from 13.104 to
13.105 mM. During this period-2 rhythm, there is a 2:2 r
sponse consisting of alternating action potentials in the l
hand area of normal tissue. The degree of alternation
creases with increasing penetration into the ischemic zo
until, within the ischemic core, the smaller of the two acti
potentials eventually converts into the maintained sm
amplitude response, as in the sheet@the top panel of Fig.
5~B!#. However, unlike the case in the sheet, there is n
incremental conduction out of the ischemic core, with t
maintained small-amplitude response gradually turning i
a full-fledged action potential. This results in the appeara
of a second disjoint area of alternating action potentials
distal to the ischemic core, with the degree of alternat
gradually decreasing as the ischemic zone is exited. This
exit response is not seen in the sheet, presumably becaus
incremental conduction in the anterograde direction does
have time to develop before the enveloping retrograde in
sion occurs.

When @K1#0 is raised to 13.20 mM in the strand, th
maintained small-amplitude response within the proxim
part of the ischemic core gradually turns into a decreme
subthreshold response with increasing penetration into
ischemic core, so that one finally ends up with a 2:1 respo
within the distal end of the ischemic area. Since increme
conduction out of the ischemic core now vanishes, a
response is also found within the right-hand normal area
tal to the ischemic zone. A further increase in@K1#0 results
in the period-2 rhythm being replaced successively w
period-4, period-6, period-8, and complete-block rhythms
in the sheet, but with each particular range of rhythms
curring at a slightly lower@K1#0 than in the sheet~Table I!.
We believe that this difference occurs because the re
dradely invading wavefront and the two wavefronts movi
in the surrounding normal area inject extra stimulation c
rent into the ischemic zone, thus postponing the onse
loaded 06 Feb 2011 to 132.248.9.8. Redistribution subject to AIP license o
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block in the sheet with respect to the strand. The fact that
see the same sequence of periodicities over virtually
same ranges of@K1#0 in the sheet and in the strand leads
to conclude that retrograde conduction is not absolutely c
cial in generating the particular periodicities seen in t
sheet. A similar correspondence holds in the computati
made in a 4 cmlong strand~with a 2 cmlong ischemic area!
cut out of the 4 cm34 cm sheet: i.e., period-1, 2, 4, and
rhythms followed by complete block seen in both sheet a
strand, with the transition from period-4 to period-8 rhyth
occurring as@K1#0 is raised from 13.412 to 13.416 mM
All of the results in the strand given above were taken fro
the asymptotic behavior in runs in which 64 stimuli we
injected.

F. Reentrant rhythms

Based on the fact that alternans often precedes arrh
mias ~see the references in the Introduction!, we were ea-
gerly anticipating the induction of reentrant arrhythmias
the point that@K1#0 was raised to a level somewhat high
than that at which alternans first emerged. This expecta
was reinforced when retrograde activation~‘‘concealed reen-
try’’ ! and arcs of conduction block, which are often harb
gers of reentry, were seen within the ischemic zone dur
alternans rhythm in Fig. 1~C! @and indeed even before tha
point, during 1:1 rhythm with retrograde activation, Fi
1~B!#. In addition, the arc of block effectively breaks th
activation wavefront into two separate fragments, creat
two free-ends resembling incipient spiral-wave tips@e.g.,
Fig. 1~B!: t540 ms#. Should the right-hand part of the is
chemic zone be out of its refractory period at the point t
these two nascent spiral tips arrive at its distal margin, o
can imagine that they would merge and perhaps success
propagate retrogradely through the ischemic zone all the
to its proximal border. Upon emerging into the normal ar
to the left of the ischemic zone, two wavefronts would th
circulate around the ischemic area traveling in the ante
grade direction within the normal areas above and below
ischemic zone, thus initiating a figure-of-eight reentra
rhythm. The above scenario is based on results recently
tained in a modeling study on the effect of fast pacing wh
the LR model is modified to produce an APD that is mu
shorter than that used in the present study~see Fig. 7 of Ref.
70!. However, we found that the ischemic zone did not co
out of refractoriness soon enough to allow this to occur
either the 3 cm33 cm sheet or the 4 cm34 cm sheet.

IV. DISCUSSION

A. Primary and secondary alternans

Beat-to-beat alternation of action potential morpholo
can be seen in situations in which spatial factors are cle
not involved: e.g., a single ventricular cell87,88,95,96 or an
ionic model of isopotential ventricular membrane.87,97,98 In
these cases, the excitation current injected into the ce
maintained constant from beat to beat by artificial exter
means, and there are no adjacent cells to act as sourc
sinks of coupling current. This form of alternans, which is
inherent property of isopotential or space-clamped me
r copyright; see http://chaos.aip.org/about/rights_and_permissions
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brane, has been referred to as ‘‘primary’’99 or ‘‘intrinsic’’ 100

alternans. Primary alternans is the normal response of m
cellular ventricular muscle to fast pacing,35,45,101–106 and
there is considerable evidence that the main requiremen
obtaining primary alternans is a sufficiently steep APD r
titution curve at short recovery intervals.43,46,104,107–109In
contrast, the alternans of action potential morphology see
our simulations can be considered to be ‘‘secondary’’
‘‘extrinsic,’’ since there is a concurrent beat-to-beat altern
tion in the flow of intercellular current into and out of the si
at which alternans in the action potential morphology is s
~e.g., at locationb in Fig. 4 or Fig. 5!.

Over a hundred years ago Gaskell suggested that
chanical alternans in multicellular tissue could be accoun
for by a situation in which there is a subpopulation of ce
responding in an abnormal 2:1 fashion, while the rest of
cells display their usual 1:1 rhythm.110 Gaskell’s original
scenario of 1:1 and 2:1 subpopulations is played out i
cellular automaton type of model incorporating spatial d
persion of refractory period where there are discrete elem
with no electrotonus.111 In one of the two different period-2
rhythms that we see in the sheet, there are two subpop
tions of cells, one with a 2:2 response, the other with a
response@Figs. 1~C!, 4#. This form of alternans is thus
variant of that proposed by Gaskell, with his 1:1 respon
being replaced, because of electrotonic coupling, by our
response~which asymptotically becomes a 1:1 response
finitely far from the center of the ischemic area!. The other
form of period-2 rhythm that we see in the sheet is ma
tained over an extremely narrow range of@K1#0 and consists
of an alternation between a full-sized action potential and
maintained small-amplitude response~Fig. 5!. We are not
aware of any prior descriptions of alternans involving th
small-amplitude response, which occurs when there is
barely enough inward current available to support a pro
gating response.

The prolongation of the refractory period and flatteni
of the APD restitution curve known to be induced b
ischemia29,79,112would mitigate against the development
primary alternans~an acidosis-induced flattening of the m
chanical restitution curve has also been described!.95 How-
ever, work on single rabbit ventricular cells,83 aggregates of
embryonic chick ventricular cells,47 and the isopotential LR
model83 shows that the transition from 1:1 rhythm to prima
alternans seen at high stimulus amplitude is replaced b
direct transition to 2:1 rhythm when the stimulus amplitu
is reduced. This occurs essentially because the refractory
riod is made longer, so destroying the steeper part of
APD restitution curve that is essential to the developmen
primary alternans.83 It is therefore possible that during is
chemia there will be a direct transition to 2:1 block in
subpopulation of cells that would then induce secondary
ternans in neighboring cells. In contrast to the above ar
ment, it has also been suggested that ischemia change
shape of the APD restitution curve in such a fashion so a
promote primary alternans during ischemia~see Fig. 5 of
Ref. 112!.

The electrophysiological mechanisms underlying alte
ans in ischemic ventricular muscle are yet to be fully det
loaded 06 Feb 2011 to 132.248.9.8. Redistribution subject to AIP license o
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mined. In particular, it is not clear whether there is an oblig
tory region of 2:1 block somewhere in the ventricles duri
ischemic alternans, as in Fig. 1~C! and Fig. 4, since there ar
several reports on ischemic alternans that make no men
of 2:1 block. However, in virtually all of those cases, eithe
measurement is made at only one site in the ventricle or
summated activity of ventricular muscle is recorded in t
electrogram or electrocardiogram. There is thus no guara
in those instances that there is not a site of 2:1 block so
where else in the ventricle. Indeed, unless one makes tr
mural recordings at multiple sites, one cannot rule out
existence of a region of 2:1 block. Nevertheless, in one
port in which activation mapping was made on a fine spa
scale during ischemic alternans, there was indeed a 2:1
sponse in the center of the ischemic region, with the larg
degree of alternation in the unipolar electrogram being s
only 3 mm away, along the border of the ischemic zone~Fig.
5 of Ref. 27!. There are also several other reports showin
simultaneous presence of 2:2 and 2:1 rhythms at two c
sites~e.g., Fig. 9 of Ref. 18, Fig. 1 of Ref. 21, Fig. 5 of Re
27, and Fig. 3 of Ref. 30!.

All of the simulations reported on above have been c
ducted at one fixed BCL~400 ms!. At that BCL,@K1#0 must
be raised considerably above the normal level of 5.4 mM
obtain alternans. However, we expect that primary altern
would occur in our model at normal@K1#0 should a BCL
shorter than 400 ms be used:—in fact, we then expect i
occur in the normal area, since, as mentioned above, prim
alternans is the normal response of healthy multicellular v
tricular muscle to fast pacing, and sustained alternans ca
seen at a shorter BCL in the space-clamped version of
modified version of the LR model@the alternans described i
the original LR space-clamped model~Fig. 19 of Ref. 76! is
a transient#. In a recent modeling study using a different
modified version of the LR model, it was found that fa
pacing could induce primary alternans in a two-dimensio
sheet.113 In another recent study in which fast pacing w
used to induce alternans and arrhythmias in the non-ische
ventricle, there was no mention made of 2:1 block being s
at any of the 128 epicardial recording sites, which sugge
the presence of primary alternans.105

There is also evidence that an intrinsic primary altern
tion of internal Ca11levels, particularly during ischemic
conditions, can induce alternans in membrane potential,
e.g., involving Ca11-activated currents and the Na1 – Ca11

exchanger.29,95,114–118This view is bolstered by the fact tha
adding agents that decrease internal Ca11 levels ~e.g.,
ryanodine,96,103,115,119 caffeine,96,103,115,116,119and calcium-
channel blockers102,120! abolishes or markedly reduces th
alternans produced by pacing nonischemic tissue at a
rate. Ischemic alternans and the incidence of ventricular
rhythmias are also reduced or abolished by administratio
a Ca11-channel blocker.8,28,34,114,121–123 However, since
Ca11-channel blockers reduce the slope of the APD rest
tion curve,106 they may be acting to abolish or reduce alte
nans through a mechanism involving APD restitution. The
is also evidence supporting a role for intracellul
Ca11-cycling in alternans and arrhythmia in an anim
model for the long-QT syndrome.118 To investigate electrica
r copyright; see http://chaos.aip.org/about/rights_and_permissions
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alternans induced by an intrinsic alternation in internal Ca11

dynamics would necessitate using a ‘‘second-generati
model incorporating Ca-activated currents and
Na1 – Ca11 exchange current. However, before this can
done, problems associated with degeneracy74,75 and long
drifts70,72,73in this class of model will have to be worked ou

B. Bifurcation from period-1 to period-2 rhythm

There have been several different bifurcation routes
plicated in different instances of the transition from period
to period-2 rhythm in cardiac tissue. The transition from 1
rhythm to primary alternans that occurs as BCL is decrea
~or to other forms of alternans!49,51 has typically been asso
ciated with a supercritical period-doubling bifurcation on
one-dimensional map in both experimental and mode
work.43,46,58,89,97,104,107–109,124,125When the period-doubling
bifurcation is supercritical, there is a gradual growth in t
alternans amplitude from zero as the BCL~the bifurcation
parameter! is decreased. However, analysis of on
dimensional maps obtained from consideration of the A
restitution curve suggests that alternans can also arise
nonzero amplitude as the result of a saddle-node bifurca
of period-doubled orbits.108,124 In one of these two reports
the unstable period-doubled branch produced in this bifu
tion terminates in asubcritical period-doubling bifurcation
involving the period-1 orbit@Fig. 5~A! of Ref. 124#. In the
other case, this unstable branch terminates in another sa
node bifurcation of period-doubled orbits, the stable mem
of which terminates in asupercriticalperiod-doubling bifur-
cation involving the period-1 orbit@Fig. 8~B! of Ref. 108#. In
addition, a direct transition from 1:1 to 2:1 rhythm has be
seen at an intermediate stimulus amplitude in single ra
ventricular cells and the original LR space-clamped mode83

This direct$1:1→2:1% transition can be accounted for by
two-branched discontinuous map, with a stable period-1
bit on the left-hand branch of the map corresponding to
rhythm, and a second stable period-1 orbit on the right-h
branch corresponding to 2:1 rhythm~see Fig. 9 of Ref. 83!.
The discontinuity in the map arises because of the essent
all-or-none nature of excitation.

As @K1#0 is raised in our study, immediately upon th
transition from period-1 to period-2 rhythm, one sees a be
to-beat alternation within the ischemic core between an
tion potential and the maintained small-amplitude respon
both in the strand and in the sheet~Fig. 5!. One possibility is
that this is a smooth transition generated by a supercrit
period-doubling bifurcation, which, just beyond the bifurc
tion point, would generate a rhythm consisting of two alt
nating action potentials of arbitrarily close morpholo
within the ischemic core. However, we have not found a
evidence for such a smooth transition using an incremen
@K1#0 as small as 0.001 mM in the strand. Thus, the m
likely possibility is that the transition involves a subcritic
period-doubling bifurcation, or some sort of effectively di
continuous transition, as in the direct$1:1→2:1% transition
mentioned just above.
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C. Bistability

In each of our runs at a given@K1#0 , stimulation was
started from one set of initial conditions approximatin
steady-state rest conditions at that@K1#0 . There is now
much evidence in a variety of experimental and model
situations that 2:1 rhythm can be bistable with either 1:1
2:2 rhythm.43,47,83,87,108,125–127In addition, a 2:2 rhythm can
sometimes be bistable with a 1:1 rhythm97,124or with a sec-
ond 2:2 rhythm.107,108,124Thus, an investigation should b
carried out to establish whether bistability exists here. T
probable existence of bistability complicates carrying ou
definitive characterization of the bifurcation structure, im
posing an extremely heavy computational load, which mi
even be prohibitively large at the present time in the c
of the sheet. Nevertheless, such a search should be m
even if only partial, since it has been recently suggeste25

that such bistability might be involved in ‘‘triggere
alternans’’5,15,29and in the conversion of discordant into co
cordant alternans.25,96

D. Higher-order period-doubled rhythms

There are very few reports of higher-order perio
doubled rhythms in ventricular muscle in conditions pr
disposing to arrhythmias. In particular, we know of on
one case—involving a toad ventricle driven at a progr
sively faster rate—in which arrhythmias occurred follow
ing a period-doubling cascade culminating in chaos~the se-
quence of rhythms seen was$1:1→2:2→4:4→chaos→
arrhythmias%!.45 There are however isolated reports
period-4 rhythms ~with traces consistent with period
quadrupled orbits, as in Fig. 5! in ventricular muscle in two
other conditions predisposing to arrhythmias: ischemia@Fig.
2~C! of Ref. 29# and hypothermia~Fig. 4.17 of Ref. 100!.
The relative rarity of these higher-order rhythms is alm
certainly due to the fact that the range of the parameter o
which they can be maintained is so very small. For exam
in our 3 cm33 cm sheet, the period-4 rhythm is maintain
over a range of@K1#0 of somewhere between 0.02 and 0.
mM ~Table I!, a range so narrow that it virtually guarante
that the rhythm would not be seen in the corresponding
periment ~the same conclusion also holds for the period
and period-8 rhythms, which exist over even narrower ran
of @K1#0). Thus, in the real world of the clinic or the labo
ratory, one would expect to see a bifurcation gap, with
transition from 1:1 rhythm~with delayed activation! to alter-
nans and then to complete block as ischemia progresses.
is exactly what has been described several times du
ischemia.6,16,18,19In our simulations we have not seen ‘‘tr
pling,’’ in which there is a period-3 rhythm, probably arisin
from 3:2 Wenckebach block or 3:1 high-grade block.10,21,26

E. Period-doubling route to chaos?

The existence of period-2 and period-4 rhythms in
chemia, together with the experimental42,45–47,88,109 and
modeling97,108,128,129evidence for the period-doubling rout
to chaotic dynamics in cardiac tissue, leads very naturally
consideration of the possibility that the close temporal as
r copyright; see http://chaos.aip.org/about/rights_and_permissions
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ciation of ventricular fibrillation with alternans might be a
indication that ventricular fibrillation is a chaotic phenom
enon somehow arising out of a cascade of period-doub
bifurcations.9,32,37,38,52,53,111Our results in the larger shee
~4 cm34 cm, with a 2 cm32 cm ischemic area! and the
corresponding strand might be taken as providing some
port for this hypothesis, in that we see the sequence$period-
1→period-2→period-4→period-8→¯%. However, as for the
transition from period-1 to period-2 rhythm discussed abo
the transitions involving the higher-order rhythms are
very abrupt that we have not been able to document
existence of supercritical period-doubling bifurcations. In a
dition, in the smaller sheet~3 cm 33 cm, with a 1 cm31
cm ischemic area! and the corresponding strand, the s
quence departs from the classic period-doubling casc
since a period-6 rhythm is interposed between the perio
and period-8 rhythms. One theoretical possibility that wo
account for this difference is that the period-6 rhythm mig
be bistable with either the period-4 or the period-8 rhyth
~or both!, and so would be seen in some computations,
not others. Another possible reason for the absence of
rhythm in the larger sheet and strand is that we might h
missed it in our computations~the period-4 rhythm goes to
period-8 rhythm with a change in@K1#0 of 0.005 mM in the
sheet and 0.004 mM in the strand!. As usual, there is of
course no guarantee that numerical integration with fin
precision will necessarily find all stable periodic orbits.
very large amount of computation will be required to det
mine the full two-parameter~@K1#0 , system size! bifurca-
tion diagram, especially in the sheet, and even moreso sh
bistability exist. We anticipate that, as in prio
studies,43,46,108,109determination of the APD restitution curv
and iteration of a finite-difference equation or map deriv
from it will be essential in order to make any headway
understanding the global organization of the bifurcation d
gram.

While we have as yet no firm evidence of chaotic beh
ior in our simulations, there are several other modeling st
ies on spatially-extended electrophysiological systems sh
ing apparently chaotic behavior,56–58,61,90,92,108,129–13

sometimes as the result of a period-doubling cascade.
also quite possible that the spiral- or scroll-wave break
seen in modeling work56–61,113,132might be an example o
‘‘extensive chaos,’’133 perhaps corresponding to ventricul
fibrillation.

F. Alternans and reentrant arrhythmias

‘‘ Clinically, the physician must recognize that electric
alternans in angina pectoris is a sign preceding sudd
death.’’ Kataoka and Yoshimura.5

While we have seen several phenomena in our sim
tions corresponding to the prodroma presaging the immin
onset of reentrant arrhythmias in experiment~e.g., slow-
response action potentials, increased conduction delay,
component upstrokes, retrograde propagation, conceale
entry, arcs of block, nascent spiral tips, alternans!, these have
not been followed by sustained reentrant rhythms. The m
factor preventing reentry in our study seems to be that
loaded 06 Feb 2011 to 132.248.9.8. Redistribution subject to AIP license o
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ischemic zone is still refractory when retrograde invas
starts. We thus believe that reentry might occur should
size of the ischemic zone be made larger or additional in
ventions~e.g., acidosis and hypoxia! that are known to re-
duce APD and conduction velocity further within the i
chemic zone included in the model. Indeed, while regio
perfusion with a high-K solution mimics many of the ph
nomena seen in ischemia, including a phase of alternans
ceding arrhythmia onset,69 regional perfusion68 or super-
fusion134 with a high-K, acidotic, hypoxic, glucose-free so
lution more closely mimics the electrophysiologic chang
seen during ischemia. In addition, acidosis can induce
mary alternans in single ventricular cells paced at BCL5500
ms,95 superfusion of ventricular muscle with either
hypoxic135,136 or acidotic136 solution can induce alternans
and administration of sodium bicarbonate to correct acido
can abolish ischemic alternans.5 Further work attempting to
induce reentry should thus use a more complicated mo
incorporating effects due to acidosis, hypoxia, and metab
inhibition.137–139We anticipate that the onset of reentry w
only occur following the induction of a 2:1 response in t
ischemic core, because not only does the wavefront t
have two broken ends@Fig. 1~C!# that could potentially curl
up, forming the tips of two spiral waves, but the anterogra
block within the ischemic zone would then result in a reco
ery time long enough to permit subsequent retrograde pro
gation through that area.70

Another possible reason for the absence of arrhythm
in our study is that we have used a very simple form
large-scale inhomogeneity: a centrally-placed homogene
square. However, the ischemic zone in reality is inhomo
neous, having a graded border zone with irregular bounda
and small-scale inhomogeneities in@K1#0 that lead to sig-
nificant dispersion of refractoriness,65–67which is the classic
substrate for the formation of reentrant arrhythmias. Fut
modeling work should thus also investigate the extent
which a spatially-extended intrinsic border zone and smal
scale inhomogeneities are arrhythmogenic.

Our inability to observe reentry following alternan
might nevertheless be consistent with experimental and c
cal observations that arrhythmias do not invariably start
following alternans. In one experimental study, 72% of t
occlusion episodes that did not eventually result in fibril
tion nevertheless demonstrated alternans, and 33% of t
episodes showed evidence of conduction block.21 Alternans
that is not detectable to the naked eye can be found in s
patients at rest or during exercise in the absence of spo
neous arrhythmias.140 The most obvious explanation fo
these results is that the ischemic insult was not profou
enough to proceed beyond the stage of alternans~perhaps
this is what is effectively happening in our simulations
which alternans is not followed by reentrant arrhythmias!. In
some clinical episodes of ischemia in which alternans occ
but arrhythmias do not arise, prolongation of the duration
the ischemic episode can then bring about arrhythmias.8 In
experiments in which alternans does not culminate in
rhythmias, increasing the rate of pacing, which results in
increase in alternans amplitude,12,123 can then provoke
arrhythmias.18,21 This might be the result of an increase
r copyright; see http://chaos.aip.org/about/rights_and_permissions
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the amount of activation delay and in an extension in the s
of the area of 2:1 block, or perhaps even the induction
primary alternans at the shorter BCL. In addition, there
cases on record in which the alternans appears and d
pears, and arrhythmias then start up.141 This could conceiv-
ably be due to an increased effect of ischemia leading to
alternans proceeding to the stage of complete block wi
the ischemic zone, which would then predispose to reen

Just as alternans does not necessarily proceed on t
rhythmias, alternans is not invariably seen before arrhy
mias occur. There are several possible explanations for
finding. First, the period of alternans can be quite brief, a
so it might be missed.6 Second, the regions of alternans a
2:1 block might be too small in size to produce obvio
alternation in the surface electrocardiogram. In an exp
mental study using voltage-sensitive dyes in the nonische
heart, rapid pacing produced primary alternans at all si
but alternans was not visible in the electrocardiogram u
the BCL was decreased sufficiently~Fig. 4 of Ref. 105!. In
one clinical study on ischemia, moving the monophasic
tion potential electrode a distance of 1 cm away from
ischemic area resulted in the disappearance of alterna10

~see also Refs. 27 and 30!. These observations, taken t
gether with our simulations showing that global 1:1 synch
nization is lost when there is a sudden switch to perio
rhythm within a relatively small area, support the use
sensitive signal detection techniques such as the po
spectrum,9,13,37 complex demodulation,12,32–34 and
Karhunen–Loe`ve decomposition142 to detect occult altern-
ans. A third explanation for the absence of alternans be
arrhythmias are seen is simply that alternans doesnot exist
before every ischemic arrhythmia occurs. In some instan
of acute ischemia,18,26,81as well as in many instances durin
the later stages of myocardial infarction,82,143arrhythmias are
preceded by Wenckebach or 3:1 block, and not altern
Again, this finding might be consistent with the results fro
studies on single ventricular cells,84–86 isopotential aggre-
gates of embryonic ventricular cells,47 and the unmodified
LR model,86 where Wenckebach rhythms are seen only wh
the stimulus amplitude is very low.

While we have focused above entirely on ischemia, th
is also evidence for alternans being associated with ma
nant ventricular arrhythmias in several other settings: e
hypothermia,37 long-QT syndrome~see the references i
Refs. 1 and 2!, electrolyte imbalance~see the references i
Ref. 1!, administration of anti-arrhythmic drugs,144 and fast
pacing.45,105 The exact nature of any causal connection
tween alternans and malignant ventricular arrhythmia
presumably spiral-wave reentrant in origin—in acute my
cardial ischemia and these other situations remains to
clarified.
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68H. Moréna, M. J. Janse, J. W. T. Fiolet, W. J. G. Krieger, H. Crijns, a
D. Durrer, ‘‘Comparison of the effects of regional ischemia, hypox
hyperkalemia, and acidosis on intracellular and extracellular poten
and metabolism in the isolated porcine heart,’’ Circ. Res.46, 634–656
~1980!.
r copyright; see http://chaos.aip.org/about/rights_and_permissions



od
i
e

ic

–

in

ing

o

on
o

o-
es

-

th
st

n
ng

on
tric
a-

ord
tal
ela

an
on

s
i-

ty
u

ck

nt
bb

ke
x-

,

di
.

on
r:

o

en

A

ax-

ke
.

ar-
ion

n

l

ver-
ible

-
irc.

ic

of

l

or
icu-

ial
dog

n
nce

lar

S.
car-

c.

of

of

al

re

for

of

.
in-

ac

ct
earts
nd

425Chaos, Vol. 10, No. 2, 2000 Alternans and rhythms

Down
69M. J. Curtis, ‘‘The rabbit dual coronary perfusion model: a new meth
for assessing the pathological relevance of individual products of the
chaemic milieu: role of potassium in arrhythmogenesis,’’ Cardiovasc. R
25, 1010–1022~1991!.

70A. Xu and M. R. Guevara, ‘‘Two forms of spiral-wave reentry in an ion
model of ischemic ventricular myocardium,’’ Chaos8, 157–174~1998!.

71S. Dokos, B. G. Celler, and N. H. Lovell, ‘‘Modification of DiFrancesco
Noble equations to simulate the effects of vagal stimulation onin vivo
mammalian sinoatrial node electrical activity,’’ Ann. Biomed. Eng.21,
321–335~1993!.

72A. Varghese and R. L. Winslow, ‘‘Dynamics of the calcium subsystem
cardiac Purkinje fibers,’’ Physica D68, 364–386~1993!.

73A. Varghese and R. L. Winslow, ‘‘Dynamics of abnormal pacemak
activity in cardiac Purkinje fibers,’’ J. Theor. Biol.168, 407–420~1994!.

74S. Guan, Q. Lu, and K. Huang, ‘‘A discussion about the DiFrancesc
Noble model,’’ J. Theor. Biol.189, 27–32~1997!.

75A. Varghese and G. R. Sell, ‘‘A conservation principle and its effect
the formulation of Na–Ca exchanger current in cardiac cells,’’ J. The
Biol. 189, 33–40~1997!.

76C.-h. Luo and Y. Rudy, ‘‘A model of the ventricular cardiac action p
tential. Depolarization, repolarization, and their interaction,’’ Circ. R
68, 1501–1526~1991!.

77G. Isenberg and U. Klo¨ckner, ‘‘Calcium currents of isolated bovine ven
tricular myocytes are fast and of large amplitude,’’ Pflu¨g. Arch. 395,
30–41~1982!.

78M. R. Franz, C. D. Swerdlow, L. B. Liem, and J. Schaefer, ‘‘Cycle leng
dependence of human action potential duration in vivo,’’ J. Clin. Inve
82, 972–979~1988!.

79P. Taggart, P. M. I. Sutton, M. R. Boyett, M. Lab, and H. Swanto
‘‘Human ventricular action potential duration during short and lo
cycles. Rapid modulation by ischemia,’’ Circulation94, 2526–2534
~1996!.

80B. S. Koller, P. E. Karasik, A. J. Solomon, and M. R. Franz, ‘‘Relati
between repolarization and refractoriness during programmed elec
stimulation in the human right ventricle. Implications for ventricular t
chycardia induction,’’ Circulation91, 2378–2384~1995!.

81N. El-Sherif, B. J. Scherlag, and R. Lazzara, ‘‘Electrode catheter rec
ings during malignant ventricular arrhythmia following experimen
acute myocardial ischemia. Evidence for re-entry due to conduction d
and block in ischemic myocardium,’’ Circulation51, 1003–1014~1975!.

82N. El-Sherif, B. J. Scherlag, R. Lazzara, and R. R. Hope, ‘‘Re-entr
ventricular arrhythmias in the late myocardial infarction period. 1. C
duction characteristics in the infarction zone,’’ Circulation55, 686–702
~1977!.

83A. R. Yehia, D. Jeandupeux, F. Alonso, and M. R. Guevara, ‘‘Hystere
and bistability in the direct transition from 1:1 to 2:1 rhythm in period
cally driven single ventricular cells,’’ Chaos9, 916–931~1999!.

84M. Delmar, D. C. Michaels, and J. Jalife, ‘‘Slow recovery of excitabili
and the Wenckebach phenomenon in the single guinea pig ventric
myocyte,’’ Circ. Res.65, 761–774~1989!.

85M. R. Guevara, D. Jeandupeux, F. Alonso, and N. Morissette, ‘‘Wen
ebach rhythms in isolated ventricular heart cells,’’ inInternational Con-
ference on Singular Behavior and Nonlinear Dynamics, edited by St.
Pnevmatikos, T. Bountis, and Sp. Pnevmatikos~World Scientific, Sin-
gapore, 1989!, Vol. 2, pp. 629–642.

86A. R. Yehia, A. Shrier, K. C. -L. Lo, and M. R. Guevara, ‘‘Transie
outward current contributes to Wenckebach-like rhythms in isolated ra
ventricular cells,’’ Am. J. Physiol.273, H1–H11~1997!.

87M. R. Guevara, F. Alonso, D. Jeandupeux, and A. C. G. van Ginne
‘‘Alternans in periodically stimulated isolated ventricular myocytes: E
periment and model,’’ inCell to Cell Signalling: From Experiments to
Theoretical Models, edited by A. Goldbeter~Harcourt Brace Jovanovich
London, 1989!, pp. 551–563.

88J. Hescheler and R. Speicher, ‘‘Regular and chaotic behaviour of car
cells stimulated at frequencies between 2 and 20 Hz,’’ Eur. Biophys. J17,
273–280~1989!.

89M. R. Guevara and L. Glass, ‘‘Phase locking, period doubling bifurcati
and chaos in a mathematical model of a periodically driven oscillato
theory for the entrainment of biological oscillators and the generation
cardiac dysrhythmias,’’ J. Math. Biol.14, 1–23~1982!.

90 Y. Horikawa, ‘‘Period-doubling bifurcations and chaos in the decrem
tal propagation of a spike train in excitable media,’’ Phys. Rev. E50,
1708–1710~1994!.

91D. T. Kaplan, J. R. Clay, T. Manning, L. Glass, M. R. Guevara, and
loaded 06 Feb 2011 to 132.248.9.8. Redistribution subject to AIP license o
s-
s.

–

r.

.

.

,

al

-

y

t
-

is

lar

-

it

n,

ac

s
a
f

-

.

Shrier, ‘‘Subthreshold dynamics in periodically stimulated squid giant
ons,’’ Phys. Rev. Lett.76, 4074–4077~1996!.

92Y. Horikawa, ‘‘Bifurcations in the decremental propagation of a spi
train in the Hodgkin–Huxley model of low excitability,’’ Biol. Cybern
79, 251–261~1998!.

93R. M. Shaw and Y. Rudy, ‘‘Electrophysiological effects of acute myoc
dial ischemia. A mechanistic investigation of action potential conduct
and conduction failure,’’ Circ. Res.80, 124–138~1997!.

94V. G. Fast and A. G. Kle´ber, ‘‘Role of wavefront curvature in propagatio
of cardiac impulse,’’ Cardiovasc. Res.33, 258–271~1997!.

95C. H. Orchard, E. McCall, M. S. Kirby, and M. R. Boyett, ‘‘Mechanica
alternans during acidosis in ferret heart muscle,’’ Circ. Res.68, 69–76
~1991!.

96D. S. Rubenstein and S. L. Lipsius, ‘‘Premature beats elicit a phase re
sal of mechanoelectrical alternans in cat ventricular myocytes: A poss
mechanism for reentrant arrhythmias,’’ Circulation91, 201–214~1995!.

97A. Vinet, D. R. Chialvo, D. C. Michaels, and J. Jalife, ‘‘Nonlinear dynam
ics of rate-dependent activation in models of single cardiac cells,’’ C
Res.67, 1510–1524~1990!.

98A. Vinet and F. A. Roberge, ‘‘Excitability and repolarization in an ion
model of the cardiac cell membrane,’’ J. Theor. Biol.170, 183–199
~1994!.

99M. R. Guevara, ‘‘Spatiotemporal patterns of block in an ionic model
cardiac Purkinje fibre,’’ inFrom Chemical to Biological Organization,
edited by M. Markus, S. C. Mu¨ller, and G. Nicolis ~Springer-Verlag,
Berlin, 1988!, pp. 273–281.

100D. T. Kaplan. ‘‘The dynamics of cardiac electrical instability,’’ Doctora
thesis, Harvard, Cambridge, 1989.

101M. R. Boyett and B. R. Jewell, ‘‘A study of the factors responsible f
rate-dependent shortening of the action potential in mammalian ventr
lar muscle,’’ J. Physiol.~London! 285, 359–380~1978!.

102H. Saitoh, J. C. Bailey, and B. Surawicz, ‘‘Alternans of action potent
duration after abrupt shortening of cycle length: differences between
Purkinje and ventricular muscle fibers,’’ Circ. Res.62, 1027–1040
~1988!.

103H. Saitoh, J. C. Bailey, and B. Surawicz, ‘‘Action potential duratio
alternans in dog Purkinje and ventricular muscle fibers. Further evide
in support of two different mechanisms,’’ Circulation80, 1421–1431
~1989!.

104M. L. Koller, M. L. Riccio, and R. F. Gilmour, Jr., ‘‘Dynamic restitution
of action potential duration during electrical alternans and ventricu
fibrillation,’’ Am. J. Physiol.275, H1635–H1642~1998!.

105J. M. Pastore, S. D. Girouard, K. R. Laurita, F. G. Akar, and D.
Rosenbaum, ‘‘Mechanism linking T-wave alternans to the genesis of
diac fibrillation,’’ Circulation99, 1385–1394~1999!.

106M. L. Riccio, M. L. Koller, and R. F. Gilmour, Jr., ‘‘Electrical restitution
and spatiotemporal organization during ventricular fibrillation,’’ Cir
Res.84, 955–963~1999!.

107J. B. Nolasco and R. W. Dahlen, ‘‘A graphic method for the study
alternation in cardiac action potentials,’’ J. Appl. Physiol.25, 191–196
~1968!.

108T. J. Lewis and M. R. Guevara, ‘‘Chaotic dynamics in an ionic model
the propagated cardiac action potential,’’ J. Theor. Biol.146, 407–432
~1990!.

109N. F. Otani and R. F. Gilmour, Jr., ‘‘Memory models for the electric
properties of local cardiac systems,’’ J. Theor. Biol.187, 409–436
~1997!.

110W. H. Gaskell, ‘‘On the rhythm of the heart of the frog, and on the natu
of the action of the vagus nerve,’’ Philos. Trans. R. Soc. London173,
993–1033~1882!.

111J. M. Smith and R. J. Cohen, ‘‘Simple finite-element model accounts
wide range of cardiac dysrhythmias,’’ Proc. Natl. Acad. Sci. USA81,
233–237~1984!.

112R. W. Kurz, X. L. Ren, and M. R. Franz, ‘‘Dispersion and delay
electrical restitution in the globally ischaemic heart,’’ Eur. Heart J.15,
547–554~1994!.

113J.-M. Cao, Z. Qu, Y.-H. Kim, T.-J. Wu, A. Garfinkel, J. N. Weiss, H. S
Karagueuzian, and P.-S. Chen, ‘‘Spatiotemporal heterogeneity in the
duction of ventricular fibrillation by rapid pacing. Importance of cardi
restitution properties,’’ Circ. Res.84, 1318–1331~1999!.

114H.-C. Lee, R. Mohabir, N. Smith, M. R. Franz, and W. T. Clusin, ‘‘Effe
of ischemia on calcium-dependent fluorescence transients in rabbit h
containing Indo 1. Correlation with monophasic action potentials a
contraction,’’ Circulation78, 1047–1059~1988!.
r copyright; see http://chaos.aip.org/about/rights_and_permissions



Am

nd
i

ed
m

e

e-

a-
la
ten
.

of
uri

of
d
n

A
ns
yo

on

e

o
n-

le
s,’

tic
,’’

he

u-

’’

gh-
,’’

-
tion
ll.

n-

n
upt

ole

o-
ion

d-
ol.

ti,
rical
en-

sm
g

rk,
he
tec-

ant
at-

H.
rant
ive

426 Chaos, Vol. 10, No. 2, 2000 Arce et al.

Down
115Y. Kihara and J. P. Morgan, ‘‘Abnormal Cai
21 handling is the primary

cause of mechanical alternans: study in ferret ventricular muscles,’’
J. Physiol.261, H1746–H1755~1991!.

116Y. Hirayama, H. Saitoh, H. Atarashi, and H. Hayakawa, ‘‘Electrical a
mechanical alternans in canine myocardium in vivo. Dependence on
tracellular calcium cycling,’’ Circulation88, 2894–2901~1993!.

117Y. Wu and W. T. Clusin, ‘‘Calcium transient alternans in blood-perfus
ischemic hearts: observations with fluorescent indicator Fura Red,’’ A
J. Physiol.273, H2161–H2169~1997!.

118W. Shimizu and C. Antzelevitch, ‘‘Cellular and ionic basis for T-wav
alternans under long-QT conditions,’’ Circulation99, 1499–1507~1999!.

119M. J. Lab and J. A. Lee, ‘‘Changes in intracellular calcium during m
chanical alternans in isolated ferret ventricular muscle,’’ Circ. Res.66,
585–595~1990!.

120Y. Hirata, I. Kodama, N. Iwamura, T. Shimizu, J. Toyama, and K. Y
mada, ‘‘Effects of verapamil on canine Purkinje fibres and ventricu
muscle fibres with particular reference to the alternation of action po
tial duration after a sudden increase in driving rate,’’ Cardiovasc. Res13,
1–8 ~1979!.

121H. Hashimoto, K. Suzuki, S. Miyake, and M. Nakashima, ‘‘Effect
calcium antagonists on the electrical alternans of the ST segment d
acute coronary occlusion in dogs,’’ Jpn. Heart J.22, 247–256~1981!.

122H. Hashimoto, K. Suzuki, S. Miyake, and M. Nakashima, ‘‘Effects
calcium antagonists on the electrical alternans of the ST segment an
associated mechanical alternans during acute coronary occlusio
dogs,’’ Circulation68, 667–672~1983!.

123T. Hayakawa, Y. Nagamoto, K. Ninomiya, S. Abe, T. Fukumoto, and
Kuroiwa, ‘‘Effects of heart rate and diltiazem hydrochloride on alterna
of ST segment elevation and ventricular arrhythmia during acute m
cardial ischaemia in dogs,’’ Cardiovasc. Res.23, 520–528~1989!.

124A. Vinet and F. A. Roberge, ‘‘Analysis of an iterative difference equati
model of the cardiac cell membrane,’’ J. Theor. Biol.170, 201–214
~1994!.

125G. M. Hall, S. Bahar, and D. J. Gauthier, ‘‘Prevalence of rate-depend
behaviors in cardiac muscle,’’ Phys. Rev. Lett.82, 2995–2998~1999!.

126G. R. Mines, ‘‘On dynamic equilibrium in the heart,’’ J. Physiol.~Lon-
don! 46, 349–383~1913!.

127E. Pruvot, A. de Torrente, G. M. de Ferrari, P. J. Schwartz, and J.-J. G
‘‘Two-to-one AV block associated with the congenital long QT sy
drome,’’ J. Cardiovasc. Electrophysiol.10, 108–113~1999!.

128J. H. Jensen, P. L. Christiansen, and A. C. Scott, ‘‘Chaos in the Bee
Reuter system for the action potential of ventricular myocardial fibre
Physica D13, 269–277~1984!.

129D. C. Michaels, D. R. Chialvo, E. P. Matyas, and J. Jalife, ‘‘Chao
activity in a mathematical model of the vagally driven sinoatrial node
Circ. Res.65, 1350–1360~1989!.

130H. Zhang and A. V. Holden, ‘‘Chaotic meander of spiral waves in t
loaded 06 Feb 2011 to 132.248.9.8. Redistribution subject to AIP license o
.

n-

.

r
-

ng

on
in

.

-

nt

y,

r–
’

FitzHugh–Nagumo system,’’ Chaos, Solitons and Fractals5, 661–670
~1995!.

131Z. Qu, J. N. Weiss, and A. Garfinkel, ‘‘Spatiotemporal chaos in a sim
lated ring of cardiac cells,’’ Phys. Rev. Lett.78, 1387–1390~1999!.

132A. V. Panfilov, ‘‘Spiral breakup as a model of ventricular fibrillation,
Chaos8, 57–64~1998!.

133M. C. Strain and H. S. Greenside, ‘‘Size-dependent transition to hi
dimensional chaotic dynamics in a two-dimensional excitable medium
Phys. Rev. Lett.80, 2306–2309~1998!.

134I. Kodama, A. Wilde, M. J. Janse, D. Durrer, and K. Yamada, ‘‘Com
bined effects of hypoxia, hyperkalemia and acidosis on membrane ac
potential and excitability of guinea-pig ventricular muscle,’’ J. Mol. Ce
Cardiol.16, 247–259~1984!.

135M. Kleinfeld, E. Stein, and J. Magin, ‘‘Electrical alternans in single ve
tricular fibers of the frog heart,’’ Am. J. Physiol.187, 139–142~1956!.

136Y. Hirata, J. Toyama, and K. Yamada, ‘‘Effects of hypoxia or low pH o
the alternation of canine ventricular action potentials following an abr
increase in driving rate,’’ Cardiovasc. Res.14, 108–115~1980!.

137J. M. Ferrero, Jr., J. Sa´iz, J. M. Ferrero, and N. V. Thakor, ‘‘Simulation
of action potentials from metabolically impaired cardiac myocytes. R
of ATP-sensitive K1 current,’’ Circ. Res.79, 208–221~1996!.

138R. M. Shaw and Y. Rudy, ‘‘Electrophysiological effects of acute my
cardial ischemia: a theoretical study of altered cell excitability and act
potential duration,’’ Cardiovasc. Res.35, 256–272~1997!.

139F. F. -T. Ch’en, R. D. Vaughan-Jones, K. Clarke, and D. Noble, ‘‘Mo
elling myocardial ischaemia and reperfusion,’’ Prog. Biophys. Mol. Bi
69, 515–538~1998!.

140N. A. M. Estes III, G. Michaud, D. P. Zipes, N. El-Sherif, F. J. Vendit
D. S. Rosenbaum, P. Albrecht, P. J. Wang, and R. J. Cohen, ‘‘Elect
alternans during rest and exercise as predictors of vulnerability to v
tricular arrhythmias,’’ Am. J. Cardiol.80, 1314–1318~1997!.

141J. Y. Wei, A. Genecin, H. L. Greene, and S. C. Achuff, ‘‘Coronary spa
with ventricular fibrillation during thyrotoxicosis: response to attainin
euthyroid state,’’ Am. J. Cardiol.43, 335–339~1979!.

142P. Laguna, G. B. Moody, J. Garcia, A. L. Goldberger, and R. G. Ma
‘‘Analysis of the ST-T complex of the electrocardiogram using t
Karhunen–Loeve transform: adaptive monitoring and alternans de
tion,’’ Med. Biol. Eng. Comput.37, 175–189~1999!.

143N. El-Sherif, R. R. Hope, B. J. Scherlag, and R. Lazzara, ‘‘Re-entr
ventricular arrhythmias in the late myocardial infarction period. 2. P
terns of initiation and termination of re-entry,’’ Circulation55, 702–719
~1977!.

144H. Tachibana, M. Yamaki, I. Kubota, T. Watanabe, S. Yamauchi, and
Tomoike, ‘‘Intracoronary flecainide induces ST alternans and reent
arrhythmia on intact canine heart. A role of 4-aminopyridine-sensit
current,’’ Circulation99, 1637–1643~1999!.
r copyright; see http://chaos.aip.org/about/rights_and_permissions


