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WEST’S PROBLEM ON EQUIVARIANT HYPERSPACES
AND BANACH-MAZUR COMPACTA

SERGEY ANTONYAN

ABSTRACT. Let G be a compact Lie group, X a metric G-space, and exp X the
hyperspace of all nonempty compact subsets of X endowed with the Hausdorff
metric topology and with the induced action of G. We prove that the following
three assertions are equivalent: (a) X is locally continuum-connected (resp.,
connected and locally continuum-connected); (b) exp X is a G-ANR (resp., a
G-AR); (c) (exp X)/G is an ANR (resp., an AR). This is applied to show that
(expG)/G is an ANR (resp., an AR) for each compact (resp., connected) Lie
group G. If G is a finite group, then (exp X)/G is a Hilbert cube whenever
X is a nondegenerate Peano continuum. Let L(n) be the hyperspace of all
centrally symmetric, compact, convex bodies A C R™, n > 2, for which the
ordinary Euclidean unit ball is the ellipsoid of minimal volume containing A,
and let Lo(n) be the complement of the unique O(n)-fixed point in L(n). We
prove that: (1) for each closed subgroup H C O(n), Lo(n)/H is a Hilbert cube
manifold; (2) for each closed subgroup K C O(n) acting non-transitively on
S™~1, the K-orbit space L(n)/K and the K-fixed point set L(n)[K] are Hilbert
cubes. As an application we establish new topological models for tha Banach-
Mazur compacta L(n)/O(n) and prove that Lo(n) and (expS?~1)\ {S7~1}
have the same O(n)-homotopy type.

1. INTRODUCTION

In 1976 J. E. West [33] asked the following question: Let G be a compact,
connected Lie group. Is the orbit space (exp G)/G an absolute retract, and if so, is
it always homeomorphic to the Hilbert cube? In a more general form this problem
appeared also in [34, Problem 1022].

These questions have remained open except when G = S!, the circle group,
where the answers are “Yes” and “No”, respectively. Torunczyk and West proved
in [29] that the orbit space (exp, S')/S? is an Eilenberg-MacLane space K(Q, 2),
where S is the circle group and Q stands for the rationals.

Recall that if G is a compact group and X a metrizable G-space, then exp X
denotes the hyperspace of all non-void compact subsets of X, equipped with the
Hausdorff metric topology and with the induced action of G. We use exp, X for
the complement (exp X) \ {X}.
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In the first part of the present paper we give a positive answer to the first question
of West’s problem as a corollary to the following general result.

Theorem 1.1. Let G be a compact Lie group and X a metrizable G-space. Then
the following are equivalent:

(1) X is locally continuum-connected (resp., connected and locally continuum-
connected),

(2) exp X is a G-ANR (resp., a G-AR),

(3) The orbit space (exp X)/G is an ANR (resp., an AR).

The proof of this theorem is given in Section 3.

Since each compact Lie group G is locally path-connected, Theorem 1.1, in par-
ticular, yields a positive answer to the first question of West’s Problem (Corollary
3.8).

Remark 1.2. Asis shown in Section 3, the implications (1) = (2) = (3) in Theo-
rem 1.1 are true also for arbitrary compact (not necessarily Lie) groups; (1) = (2)
and (1) = (3) can be regarded as equivariant versions of Wojdyslawski’s Theorem
[35] as sharpened by D. Curtis [13].

In Heisey and West [17] it was proved that if G is a finite group and X is a
nondegenerate Peano continuum, then (exp X)/G is a Hilbert cube if it is an AR.
Consequently, in combination with Theorem 1.1, this implies that (exp X)/G is
always a Hilbert cube whenever X is a nondegenerate Peano continuum (Corollary
3.9).

The second part of this paper is devoted to the Banach-Mazur compacta.

In his 1932 book Théorie des Opérations Linéaires, S. Banach [10] introduced,
for each n > 2, the space of isometry classes [E] of n-dimensional Banach spaces
equipped with the metric

d([E], [F]) = Ininf{||T|| - |T~!|| | T : E — F is a linear isomorphism}.

These spaces are now denoted by BM(n) and called the Banach-Mazur compacta.
The topology of these spaces continues to be of interest, and the following questions
of A. Pelczyniski were included in J. West’s list of problems in the 1990 book Open
Problems in Topology [34, Problem 899]: (1) Are the Banach-Mazur compacta
BM(n) AR’s? (2) Are they Hilbert cubes?

The AR part of Pelczyniski’s problem has been solved affirmatively due to efforts
of P. Fabel [16] and the author [8]. While the question of whether the Banach-
Mazur compacta BM(n) are homeomorphic to the Hilbert cube remains open for
all n > 3, it was answered negatively for n = 2 in [9].

In the second part of the paper we establish some new properties of the Banach-
Mazur compacta and consider their relation to West’s problem above. It turns out
that Pelczynski’s problem and West’s problem are of the same nature, and both
problems can be considered from a unified point of view.

We recall some necessary notation first. By B(n) we denote the hyperspace of all
centrally symmetric (about the origin), compact, convex bodies in R™. We consider
the Hausdorff metric topology on B(n) and the natural induced action of the full
linear group GL(n) on it. As usual, we shall use O(n) for the orthogonal group.
It is well known that BM (n) is homeomorphic to the orbit space B(n)/GL(n) (see
[34, p. 544]).
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According to a classical theorem of F. John [21], for any A € B(n) there is a
unique minimal-volume ellipsoid {(A) containing A (respectively, maximal-volume
ellipsoid j(A) contained in A). Usually j(A) is called the John ellipsoid of A and
[(A) is called the Lowner ellipsoid of A.

Let J(n) and L(n) be the O(n)-invariant subsets of B(n) consisting of all bodies
A € B(n) for which the ordinary Euclidean unit ball

B" = {(z1,...,zn) ER™| 23 +--- + 22 <1}

is the John ellipsoid and the Lowner ellipsoid, respectively. Some properties of
these O(n)-spaces are studied in [9]. It was proved in [9, Theorem 4 and Remark
1] that J(n) and L(n) are global compact O(n)-slices for the GL(n)-space B(n). It
then follows from a result of H. Abels [1, Lemma 2.3] that J(n) and L(n) are O(n)-
homeomorphic. The Banach-Mazur compactum BM(n) is just the orbit space
J(n)/O(n) [9, Corollary 1] or, equivalently, the orbit space L(n)/O(n) (see [9,
Remark 1]). In what follows we shall use the model BM(n) = L(n)/O(n). By
Lo(n) we denote the complement L(n) \ {B"}, and BMy(n) = Lo(n)/O(n). As
usual, we reserve the letter @) for the Hilbert cube.

Here we prove four basic properties about the Banach-Mazur compacta BM (n),
n>2.

Theorem 1.3. For any closed subgroup H C O(n), the orbit space Lo(n)/H is a
[0,1)-stable Q-manifold. In particular, BMy(n) is a [0, 1)-stable Q-manifold.

Recall that a Q-manifold is said to be [0,1)-stable if it is homeomorphic to its
product with the half-open interval [0,1) (see [12, Ch. V]).

Theorem 1.4. For each closed subgroup K C O(n) acting non-transitively on
Sn=1, the K-orbit space L(n)/K, as well as the K-fived point set L(n)[K], is a
Hilbert cube. In particular, L(n) is a Hilbert cube.

These theorems are proved in Section 5. However, Section 4 should also be
considered as a part of those proofs, because the technique we develop there is
further applied to Theorems 1.3 and 1.4.

Remark 1.5. Below, in Lemma 7.4, the hypothesis that K acts non-transitively on
the sphere S™~! is shown to be equivalent to the condition Lo(n)[K] # 0.

Next, in Section 6 we apply Theorem 1.3 to establish a new topological model
for the Banach-Mazur compacta BM (n) for arbitrary n > 2.

Namely, assume that (Hi),(Hz),... is the sequence of all O(n)-orbit types oc-
curring in Lo(n). Let Cone(O(n)/H;) denote the cone over O(n)/H; endowed with
the quotient topology and with the translation action of O(n) on the levels. Let

(n) = [[Q(H:), where Q(H;)= (Cone(O(n)/H;))™,
=1

each equipped with the diagonal O(n)-action.

Denote IIp(n)= II(n) \ {a}, where a is the unique O(n)-fixed point of II(n).
Since Cone(O(n)/H;) € AR, i > 1, it then follows from a result of West [32] that
II(n) is a Hilbert cube.

Theorem 1.6. For each closed subgroup H C O(n), the two H-orbit spaces
Lo(n)/H and IIp(n)/H are homeomorphic. In particular, the Banach-Mazur com-
pactum BM (n) is homeomorphic to the orbit space II(n)/O(n).
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Remark 1.7. In combination with [9, Corollary 10], Theorem 1.6 gives yet simpler
topological models for BM (2).

The idea that Pelczyniski’s problem on Banach-Mazur compacta is closely related
to West’s problem on equivariant hyperspaces was expressed in [9] in the following
form:

Conjecture 1.8. For each closed subgroup H C O(n), n > 2, the orbit spaces
Lo(n)/H and (expy S"~')/H are homeomorphic Q-manifolds. In particular, the
Banach-Mazur compactum BM (n) is homeomorphic to (exp S"~1)/O(n).

Since the sphere S™~! is O(n)-homeomorphic to the coset space O(n)/O(n—1),
we see that (expS™~!)/O(n) is just of the form (exp(G/H))/G. So, if Con-
jecture 1.8 were proved, the Banach-Mazur compacta would be just of the form
(exp(G/H))/G (with G = O(n) and H = O(n — 1)). On the other hand, the
space (expG)/G in West’s problem is also of the form (exp(G/H))/G (with H
the trivial subgroup). This shows how close are, in fact, Pelczyniski’s problem and
West’s problem.

Here is our fourth result on Banach-Mazur compacta, which is proved in Sec-
tion 7:

Theorem 1.9. exp, S"! and Lo(n) have the same O(n)-homotopy type.

It follows immediately from Theorem 1.9 that Lo(n)/H and (exp, S~ !)/H
have the same homotopy type for any closed subgroup H C O(n). This result and
Theorem 1.3 constitute essential steps in proving Conjecture 1.8. However, we do
not prove Conjecture 1.8 in this paper. The only step we lack to complete its proof
is that (exp, S"71)/H, n > 2, is a Q-manifold. The details of this reduction are
also presented in Section 6 (Theorem 7.9).

The paper is divided as follows:

§1. Introduction.

§2. Preliminaries.

83. Proof of Theorem 1.1 and its corollaries.

§4. The G-nerve.

85. Proofs of Theorems 1.3 and 1.4.

§6. Proof of Theorem 1.6.

§7. Proof of Theorem 1.9 and reduction of Conjecture 1.8.

2. PRELIMINARIES

For a given topological group G, we denote by G-A(N)R (resp., by G-A(N)E)
the class of all G-equivariant absolute (neighborhood) retracts (resp., extensors) for
all metrizable G-spaces. These concepts are straightforward extensions to the case
of G-spaces of the corresponding concepts of ordinary A(N)R’s and A(N)E’s (see,
for example, [2]-[6]). We refer to the monographs [11] and [26] for basic notions of
the theory of G-spaces.

If G is a topological group and X is a G-space, for any £ € X we denote the
stabilizer (or stationary subgroup) of z by G, = {g € G | gz = z}.

For each subgroup H C G, the H-fixed point set X[H] is defined to be the set
{zre X | HcCG,}.

The family of all subgroups of G that are conjugate to H is denoted by (H), i.e.,
(H) = {gHg™!| g € G}. We will call (H) a G-orbit type (or simply an orbit type).
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For two orbit types (H;) and (Hz), one says that (H;) < (Ha) iff H; C g~ 'Hag for
some g € G. The relation = is a partial ordering on the set of all orbit types. Since
Ggz = gGpg~! for any z € X and g € G, we have (G;) = {Gy.| g € G}.

For a subset S C X, H(S) denotes the H-saturation of S, i.e., H(S)={hs | h €
H, s € S}. In particular, H(z) denotes the H-orbit {hz € X | h € H} of z. The
H-orbit space is denoted by X/H. In particular, X/G denotes the orbit space of
X.

By G/H we will denote the G-space of cosets {gH | g € G} under the action of
G induced by left translations.

A continuous map f : X — Y of G-spaces is said to be equivariant or G-
equivariant or, for short, a G-map, if f(gr) = gf(z) forallg € G, x € X. An
equivariant map f : X — Y is said to be isovariant (or G-isovariant) if G, =G y(y)
forall z € X.

A compatible metric p on a G-space is called invariant or G-invariant if p(gz, gy)
= p(z,y) for all z,y € X and g € G.

If X is metrized by a G-invariant metric p, then the formula 5(G(z), G(y)) =
inf{p(z’,v)| 2’ € G(z),y’ € G(y)} defines a metric p, compatible with the quotient
topology of X/G, whenever G is a compact group.

Let us recall the well-known and important definition of a slice [26]:

Definition 2.1. Let G be a topological group, H C G a closed subgroup and X a
G-space. A subset S C X is called an H-slice in X if

(1) S is H-invariant, i.e., H(S) = S,

(2) the saturation G(S) is open in X,

(3) if g€ G\ H, then ¢SNS =0, and

(4) S is closed in G(S).
If in addition G(S) = X, then we say that S is a global H-slice of X.

The following is one of the fundamental results in topological transformation
group theory (see [26, Corollary 1.7.19, Corollary 1.7.20 and Theorem 1.7.7] or
[11, Ch. II, §84 and 5]):

Theorem 2.2 (Slice theorem). Let G be a compact Lie group, X a Tychonoff
G-space and x € X any point. Then:

(1) There exists a G,-slice S C X such thatx € S.
(2) (Gy) = (G3) for each point y € G(S).
(3) There exists a unique G-map f : G(S) — G/G, such that S = f~1(eG,).

In [9], using the classical result of John [21] on the minimal-volume ellipsoid, it
was proved that L(n) is a global O(n)-slice for the GL(n)-space B(n). In combina-
tion with a result of H. Abels [1, Theorem 2.1] this yields the following theorem,
which we will need in the sequel:

Theorem 2.3. There is an O(n)-equivariant retraction r : B(n) — L(n) such that
7(A) belongs to the GL(n)-orbit GL(n)(A) for every A € B(n).

In [9, Corollary 2] it was proved that J(n) is a compact O(n)-AR, and since L(n)
is O(n)-homeomorphic to J(n) [9, Remark 1], we have the following result that will
often be used in what follows:

Theorem 2.4 ([9]). L(n) is a compact O(n)-AR.
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Let fo, fi: X — X’ be G-maps. A G-homotopy of fy into f; is a homotopy in
the ordinary sense which is a G-map at each stage of the deformation. A G-space
X is called G-contractible if there is a G-fixed point * € X such that the constant
G-map X — {+} and the identity map 1x are G-homotopic. A G-map f: X - Y
is a G-homotopy equivalence if there is a G-map f’ : Y — X such that f'f is
G-homotopic to 1x and ff’ is G-homotopic to 1y.

Theorem 2.5 ([20]). Let G be a compact Lie group and f : T — Z a G-map
of G-ANR’s. Then f is a G-homotopy equivalence iff for each closed subgroup
K C G, the restriction of f to the K-fized point set T|K] is an ordinary homotopy
equivalence.

Remark 2.6. In [20, Proposition 4.1] the result originally was stated for paracom-
pact G-ANE’s (even in its fiberwise form). However, the proof in [20] serves for
metrizable G-ANR'’s as well.

Yet another basic result for this paper is the following.

Theorem 2.7 ([6], [7]). Let G be a compact group, N C G a closed normal subgroup
and X a G-ANR (resp., a G-AR). Then the N-orbit space X/N, endowed with the
induced action of the quotient group G/N, is a G/N-ANR (resp., a G/N-AR). In
particular, X/G is an ANR (resp., an AR).

Recall that for a metric space (X, d), the Hausdorff metric dg on exp X is defined
by the formula

dy(C,D) = max{ sup dist(z, C), sup dist(y, D)} for C,D € exp X.
€D yel
The topology generated by dg is an invariant of the topology of X (it does not

depend on d).
If G is a compact group and X is a metrizable G-space, then the formula

(9,A) — gA; gA={ga|ac A}, forallge G, AcexpX

defines a continuous G-action on exp X; so exp X naturally becomes a G-space. In
this case the complement exp, X = (exp X) \ {X} is an open invariant subset of
exp X. Clearly, if d is a G-invariant metric on X, then dy is a G-invariant metric
on exp X.

For the boundary of a set A C X we will use the notation JA.

Throughout the paper we will use the following standard notation:

B" ={(z1,....,2n) €R™ | 22 + ... + 22 <1}, the Euclidean unit ball;
1 n
S"1 = {(z1,...,2,) ER™ | 22 + .-+ + 22 =1}, the Euclidean unit sphere;

A™ = {(to, ..., tn) € R | t; >0, to+---+t, =1}, the standard closed simplex;

Q= [J{I | I =[0,1]}, the Hilbert cube.
k=1
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3. PROOF OF THEOREM 1.1 AND ITS COROLLARIES

We first prove the following equivariant version of Curtis’ generalization [13,
Theorem 1.6] of the well-known Wojdyslawski Theorem [35], which is just the im-
plication (1) = (2) in Theorem 1.1.

Recall that a metric space X is continuum-connected if each pair of points in X
is contained in a subcontinuum. X is locally continuum-connected if it has an open
base of continuum-connected subsets [13].

Proposition 3.1. Let G be a compact group and X a locally continuum-connected
(resp., connected and locally continuum-connected) metrizable G-space. Then exp X
is a G-ANR (resp., G-AR).

Proof. We shall consider only the “G-ANR” case. The “G-AR” case is similar.

If exp X is a G-ANR, then it is also an ANR, and then by Curtis’ theorem [13],
X is locally continuum-connected.

Now assume that (Y, p) is a metric G-space with p an invariant metric on Y, A
a closed invariant subset of Y, and ¢ : A — exp X a G-map. By Curtis’ theorem
[13], exp X is an ANR. So f has a continuous extension ¢ : U — exp X defined on a
neighborhood U of Ain Y. By compactness of G, there is an invariant neighborhood
V of A contained in U. Set

= U g Yo(gy) for every ye V.
g€eG

We claim that the map F' : V — exp X is a well-defined continuous G-equivariant
extension of f. Indeed, for every y € V the set {g~f(gy)| g € G} is a compact
subset of exp X because it is the image of the continuous map a : G — exp X,
a(g) = g7'f(gy). Therefore, the union J,c; 9 ¢(gy) is a compact subset of X,
ie, F(y) eexp X.

Further, if ¢,g € G and h = gt, then

F(ty) = | 97"(gty) = | t(h " 0(hy)) = t(|J b p(hy)) = tF(y),

geG heG hEG

showing the equivariance of F'. If a € A, then ¢(ga) = f(ga) for all g € G, and by
the equivariance of f we will then have

= J g7 ega) = |J 97 f(ga) = |J 97'9f(a) = | f(a) = f(a),
9eG geqG geG geG

showing that F' extends f.

Let d be an invariant metric on X.

To see the continuity of F', we fix yg € V and € > 0 arbitrary. By continuity of
¢, for each g € G there is a 65 > 0 such that

dy (cp(gyo),cp(z)) < €/2 whenever z €V and p(z,gyo) < 26,.

By compactness of the orbit G(yo), its open cover {O(gyo,dq)| g € G}, where
O(z,r) stands for the open r-ball in X centered at z, admits a finite subcover

{0(911/0, 5y1)’ s ’O(gkyOv ayk)}‘

Let § = min{d,,...,dy, }. We are going to check that then dy (F(y), F(yo)) < &
whenever y € V and p(y, yo) < 9.
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Indeed, for every g € G, gyo belongs to an element of the cover

{0(911/0, 591)7 s ,O(gkyOa égk)}‘

Without loss of generality, one can assume that gyo € O(9190,dg,). Then for every
y € O(yo,0) we have

p(9y, :1%0) < p(9y, 9%0) + p(9¥0, 91%0) = P(¥, o) + P(9¥0, 91%0) < 6 + 0y, < 20,

Thus, gyo, 9y € O(g1%0, 284, ), which implies that dg (¢(gy), ¥(9y0)) < €. By the
invariance of dy, this yields

du (97 ¢(gy), 97 e(gyo)) = du (v(gy), p(gyo)) < e for all g€ G,

which in turn implies that

dH( U 97w, U g‘lw(gyo)) <e.

geG geG

Thus, dg (F(y),F(yo)) < ¢ for all y € O(yo,9), proving the continuity of F at
the point yp. O

Remark 3.2. Recall that a hyperspace £ C exp X that satisfies the following condi-
tion is called an inclusion hyperspace: if B € exp X and A € £ is such that A C B,
then B € £. As is clear from the proof, Proposition 3.1 remains true also for any
invariant inclusion hyperspace £ instead of exp X.

(2) = (3) follows directly from Theorem 2.7.

Since every ANR (resp., AR) is locally continuum-connected (resp., connected
and locally continuum-connected), the implication (3) = (1) follows from the
following result.

Proposition 3.3. Let G be a compact group and X a metric G-space. Then:

(1) X 1is connected iff (exp X)/G is connected; and
(2) if in addition G is a Lie group, then X is locally continuum-connected iff
(exp X)/G is locally path-connected.

For the proof we need the following three lemmas.

Lemma 3.4. Let G be a compact group, and X a G-space containing a connected
invariant subset (e.g., G connected or X[G] # 0). Then X is connected iff X/G is
connected.

Proof. Only the “if” part requires a proof. Let C C X be an invariant connected
set. Assume the contrary, that X/G is connected and X is not connected. Then
X = A; U As where the A;, ¢ = 1,2, are nonempty, disjoint, closed-open subsets of
X. Since C is connected, one (and only one) of the sets A4;, ¢ = 1,2, contains C.
Suppose C C A;. By compactness of G, the orbit map p: X — X/G is open and
closed. Hence the set p(As) is a nonempty open-closed subset of X/G. Besides, by
the invariance of C the set p(A2) is disjoint from p(C); so p(A2) # X/G, which
contradicts the connectedness of X/G. g

Lemma 3.5. Let G be a compact Lie group, and X a G-space containing a path-
connected invariant subset (e.g., G connected or X[G] # 0). Then X is path-
connected iff X/G is path-connected.
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Proof. Only the “if” part requires a proof. Let C C X be an invariant path-
connected set. It suffices to show that each point z € X can be joined with a point
of C. Let ¢ € C and let I : [0,1] — X/G be a path with [(0) = p(z), (1) = p(c),
where p : X — X/G is the orbit projection. By [11, Ch. II, Theorem 6.2] there is
a lifting I’ : [0,1) — X, pl’ = I. Since I’(0) belongs to the orbit of z, there is g € G
such that z = gl’(0). Then the path gl’ : [0,1] — X, (gl")(t) = gl'(t), connects z
and gl’(1). But gl’(1) € C, because I'(1) € C and C is invariant. This completes
the proof. a

Lemma 3.6. Let G be a compact Lie group. Then a G-space X is locally path-
connected iff X/G is locally path-connected.

Proof. Only the “if” part requires a proof. Let x € X and let U be a neighborhood
of . Since the action of G is continuous and G is locally path-connected, one can
choose a path-connected neighborhood O of the unity in G and a neighborhood V
of z such that OV = {gv| g € O, v € V} C U. Without loss of generality, one can
assume that V is G -invariant. Since G is a compact Lie group, there is a G,-slice
R containing the point z [26, Corollary 1.7.17]. Then the set T = RNV is also
a G -slice containing z. Since X/G is locally path-connected, the neighborhood
p(G(T)) of the point p(z) contains a path-connected neighborhood Y of p(z) in

X/G. Let Y = p~'(Y). Then Y is a G-invariant neighborhood of the orbit G(z)
in X. Clearly, the set S = T NY contains z and is a global G,-slice for the G-
space Y. Therefore the orbit spaces S/G, and Y/G =Y are homeomorphic [26,
Proposition 1.7.6]; in particular, S/G; is path-connected. By Lemma 3.5, now S is
path-connected as well. Consequently, OS is path-connected. Since OS is an open
neighborhood of z and OS C OT C OV C U, we are done. g

Proof of Proposition 3.3. 1. It is well known that X is connected iff exp X is so;
this is proved, for instance, in [23, Proposition 5.3.10] for X compact, but the
same proof is valid for noncompact X as well. Hence, it remains to show that the
connectedness of (exp X)/G implies that of exp X. If (exp X)/G is connected, then
the invariant subset I' of exp X consisting of all invariant, compact subsets of X is
connected. Indeed, the continuous surjection exp X — exp(X/G) induced by the
orbit map X — X/G is invariant, and hence, it induces a continuous surjection
(exp X)/G — exp(X/G). Therefore, if (expX)/G is connected, then exp(X/G)
is so, and since T' is homeomorphic to exp(X/G), it is connected too. Thus, T’
is an invariant, connected subset of the G-space exp X, and the connectedness of
(exp X)/G implies, by Lemma 3.4, the connectedness of exp X.

2. Respectively, X is locally continuum-connected iff exp X is locally path-
connected (see [13, Lemma 1.4] and the final part of the proof of [13, Theorem
1.6]). By Lemma 3.6, exp X is locally path-connected iff (exp X)/G is locally path-
connected, and the proof is complete. Thus, Theorem 1.1 is completely proved.

Corollary 3.7. Let G be a compact, metrizable, locally path-connected group, and
H C G a closed subgroup. Then (exp(G/H))/G is an ANR. If in addition G/H is
connected, then (exp(G/H))/G is an AR.

Proof. Under the hypothesis the coset space G/H is locally path-connected, and
hence, locally continuum-connected. Besides, since the quotient map G — G/H is
perfect, G/H is metrizable too (see, e.g., [15, Section XI, Theorem 5.2(3)]). Then
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by Proposition 3.3, exp(G/H) € G-ANR; if in addition G/H is connected, then
exp(G/H) € G-AR. Now the result follows immediately from Theorem 2.7. d

Since every compact Lie group G is locally path-connected (moreover, it is a G-
ANR [26, Corollary 1.6.7]), we get from Corollary 3.7 the following positive answer
to the first question of West’s Problem:

Corollary 3.8. Let G be a compact Lie group. Then (expG)/G is an ANR. If in
addition G 1is connected, then (expG)/G is an AR.

In combination with [17, Corollary 2], Theorem 1.1 yields also the following fact.

Corollary 3.9. Let G be a finite group acting on a nondegenerate Peano continuum
X. Then the orbit space (exp X)/G is a Hilbert cube.

4. THE G-NERVE

In this section we develop a necessary technique involving the notion of a G-
nerve. The results proved here will be applied in the next section.

Following Matumoto [22], we define the G-nerve N'(U) of a G-normal cover U.

Let G be a compact Lie group and H = {H,| p € M} a family of closed
subgroups of G. The Milnor join J of the family of cosets {G/H,| p € M} is
defined as follows. Let J’ be the following set:

{(tu»QuHu)ueM € H (I xG/H,) ] t, # 0 for only finite p’s and Z ty = 1}.
pHEM HEM

We let
(tp»guHu)ueM ~ (smhuHu)ueM

iff t, = s, for all p € M, and g,H, = h,H, whenever t, # 0. Then ~ is an
equivalence relation on 7', and we shall denote by J the quotient set J'/ ~.

In what follows we shall use the convention }° t,g,H, for the equivalence class
HEM
of the point (t.,9,H,)uerm. The numbers ¢, are called barycentric coordinates of

the point Y t.,g.H, € J.
neM

For any finite subset {uo, ..., un} C M, we consider the following subset of J:

G/Hyy *---xG/H,, :{Z tuguHy € J I t“=0f0rallp,¢{,u0,.,.,p,n}}.
HEM

Observe that each G/H,, * --- * G/H,, with its quotient topology is a compact
metrizable space, which is called the Milnor join of the spaces G/H,,,...,G/H,,
(see [24]).

We topologize J by the weak topology with respect to the family of all finite
subjoins, i.e., a set U C J is open in J whenever U N (G/Hy, * ---*G/H, ) is
open in G/Hy,, *---* G/H,,  for any finite subjoin G/H,, *---*G/H, C J. It
is easy to check that J becomes a G-space if we define the action of G as follows:

g(z t,,guHu) = Z tugguH,, ge€G.
HEM pnEM
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Next, if g, Hyuy € G/Hy,, - .., 9u, Hy, € G/H,, are fixed elements, then we will
denote by (gu,Hyu,,- - -, 9u,H,,) the subspace

{Zt#g:LHMEJIt#=Of0rN¢{:U‘Ovnu'n}

pneEM

and g, Hy, = gy, Hy, for 0<i< n}

of G/Hyy *---xG/H,, , which is called an n-cell.
Let G be a compact Lie group and X a G-space. For each index p € M, let H,
be a closed subgroup of G, and let S, be an Hy-slice in X. Then the family

U={(g5.,H,) g€ G, pe M}

consisting of tubular slice-sets g5, with companion groups H,, is called a G-normal
cover of X if the family of open tubes {G(S,)| p € M} covers X and there exists a
locally finite invariant partition of unity {¢, : X — [0,1]| 4 € M} subordinated to
U, i.e., each yp, is an invariant function with ¢, *((0,1]) C G(S,) and the supports
{on 1((0 1])| 4 € M} constitute a locally ﬁnlte family.

Let N(U) be the ordinary nerve of the invariant cover {G(Sy) | p € M}. In the
sequel we will denote by (g, ..., pun) the simplex of A/ (U) constituted by the sets
G(Suo)s-+-1G(Sy,). Let f, : G(S,) — G/H, be the corresponding G-map with
firl(eH,) = S, (see Slice Theorem 2.2). For any simplex L=(uo, ..., un) € N(U),

we define the following subset of the product [[ G/H,,;:
=0

Fr = { (fuo(@),- - fun (@) | 2w € ﬂG (Su) }-

It follows from the equivariance of f,, that F is an invariant subset of the
G-space H G/H,,

Denote by F the family of all these sets Fy. Let A(L, Fy) be the subset of the
finite subjoin G/H,, * --- * G/H,,, of J consisting of all those points Z tigiH

=0
for which (goHy,--.,9nHyu,) € Fr and (to,...,t,) € A™. Clearly, A(L FL) is
invariant in G/H,, *---*G/H,,, and hence, in J.
We call A(L, Fr) a G-n-simplex over the simplex L along the set Fr. The
homogeneous G-spaces G/Hy,,...,G/H,, are called G-vertices of A(L, Fp).
The G-nerve of the cover U is, by definition, the union

N =U{a@, F) | Le Nw), Fr e )

equipped with the topology induced from [J. It is not difficult to check that
the topology of N (U) is the weak one with respect to its closed, invariant cover
{A(L,FL) | L € N(U), F, € F}. That is to say, a subset W C N(U) is open iff
W N A(L,Fp) is open in A(L, Fr) for each G-simplex A(L, Fr) in N (U). Since
N(U) is an invariant subset of 7, it becomes a G-space with respect to the action
induced from J.

The G-n-skeleton N (U)™ of N'(U) is defined to be the union of all G-k-simplexes
in N(U) with k£ < n.
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If gH) is a vertex of the G-nerve N'(U), then its star St(gHx, N (i) is defined
to be the union of all cells for which gHy is a vertex. The G-carrier of a point
z € N(U) is defined to be the smallest G-simplex of N (U) containing z. The cell
in the G-carrier that contains x is called the carrier of x.

Recall that a cover U of a space X is called a star-refinement of a cover V
whenever for every U € U there exists an element V € V that contains the star
St(U,U) of U with respect of U; here St({U,U) = {W eU | WNU # 0}.

Lemma 4.1. Let X be a paracompact G-space. Then for each open cover V of X
there exists a G-normal cover U = {(gSx, Hy) | g € G, X € A} of X such that U is
a star-refinement of V.

Proof. Since X is paracompact, one can choose open covers U; and Uy of X such
that U, is a star-refinement of U and U, is a star-refinement of V.

Let us denote by U the subset of X x X consisting of all those pairs (z,y) such
that there exists an element O € U; that contains both x and y. Clearly U is an
open neighborhood of the diagonal A C X x X. By compactness of G, there is an
invariant neighborhood V of A in X x X such that V C U. Define

W={Viz] |z € X}, where V[z]={2€X|(z,2) eV}

Then W is an open G-cover of X, and Vz] C Ulz] = St(z,U;) for each z € X.
Since St(z,U;) is contained in an element of Uy, we infer that W is a refinement of
Uz, and hence, a star-refinement of .

Next, we fix on each orbit G(z) C X a point, say z € G(z), and choose an
element W, € W such that x € W,. By the continuity of the action of G on X
there exist a neighborhood O, of the unity in G and a G,-invariant neighborhood
N, of z in X such that O,N, C W,. By Slice Theorem 2.2, there exists a G-
slice @, such that z € Q.. Then the set S, = Q. N N, is also a G-slice, and
x € S; C N,. Hence 0,5, C W,. We define U to be the totality of all these slice-
sets (¢95z,G.), g € G, G(z) € X/G. Since the orbit map X — X/G is closed, we
see that X /G is paracompact too [15, Section VIII, Theorem 2.4]. This implies that
the invariant cover {G(S;)} admits a locally finite partition of unity subordinated
to U, and hence, U is an open G-normal cover. Since ¢S, C gW, and gW, € W,
we conclude that U is a refinement of W, and since W is a star-refinement of V, we
infer that U is a star-refinement of V. 0O

Lemma 4.2. Let Y be a G-space, and let U = {(9Su, Hu) | 9 € G,p € M} be a
G-normal cover of Y. Then for each locally finite invariant partition of unity subor-
dinated to U, there ezists a G-mapp : Y — N (U) such that p~* (St(gH,, N (U))) C
G(S,) for any g € G and p € M, where

StlgHu NU) = { 3 tagnHr e NWU)| >0, g, = g}
AEM

Proof. Let {¢, : Y —[0,1] | p € M} be a locally finite invariant partition of unity
subordinated to U, i.e., ©;*((0, 1]) C G(S,) for all p € M. Then we define the
canonical G-map p: Y — N(U) as follows.

Since {p, : Y — [0,1] | 4 € M} is locally finite, for each y € Y there are only
a finite number of indices, say o, ..., pn, such that ¢, (y) #0,i=0,...,n. Let
(fuo®)s .- -, fu,(y)) be the corresponding n-cell in G/H, * --- * G/H,,, . Then by
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definition, p(y) is the point of (f.,(y), ..., fu.(y)) with the barycentric coordinates
(70/10 (y)7 e Pun (y)’ i'e~a

Z Pus () Fus (y)-

We claim that p is continuous. For, let Yo € Y be an arbitrary point. Using the
local finiteness of the partition of unity {¢, | 4 € M}, we take a neighborhood V'
of yo in Y such that only for a finite number of indices o, ..., pum is @, (y) # 0
for y € V. Then

py) = Z O () fu,(y) forall yeV.

Now the continuity of p in V follows from the continuity of the maps f,, and ¢,,,
1=0,...,m, in V. O

For a space X we will denote by F,(X) the subset of exp X that consists of all
those sets A C X that have at most n elements. By F(X) we shall denote the
union ;7 ; Fn(X).

Lemma 4.3. Let P be a polyhedron and P! its 1-dimensional skeleton. Then there
is a continuous map & : P — Foo(P') such that
(1) &(2) = {z} for all z € P!, and
(2) if T is the carrier of ¢ € P and dim 7 = n, then £(x) is contained in the
1-skeleton of T and contains at most 3"~ points.

Proof. Let P*, n > 1, denote the n-skeleton of P, and let & : P! — P! be the
identity map. From the proof of [23, Proposition 8.4.2], we get the following fact.
Claim. For every n > 1, there is a continuous map &, : P™ — F(P!) such that
a. if 7 is the carrier of z € P and dim 7 = n, then &,(z) is contained in the
1-skeleton of 7 and contains at most 3"~ ! points, and
b. &,41 extends &, for alln > 1.

Now we define the required map £ to be equal to &, on the n-dimensional skeleton
pr. O

In the next lemma, for a given simplex L = {ug, ..., un) C N (U), a given n-cell
(GuoHuo» - -+ GunH ) C N(U) and the corresponding G-n-simplex o = A(L, Fy),
we shall use the followmg notation:

6<g“0H/‘0’ ’g/-"n {Zt"fglh 1223

(toy-.-,tn) € BA"},

where we use the same notation JA™ for the ordinary boundary of the standard
simplex A™. Correspondingly,

0o = {ZtigmHm
i=0

In what follows we shall need the following equivariant version of Lemma 4.3:

(toy- - stn) € DA™, (guoHogs s gu Ha, ) € FL}.

Lemma 4.4. Let N(U) be a G-nerve and T its G-1-dimensional skeleton. Then
there is a G-map R : N(U) — Foo(T') such that

(1) R(2) ={z} forallz€T, and
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(2) if s is the carrier of x € N(U), then R(x) is contained in the 1-skeleton of
s. More precisely, if dims = n, then R(z) € Fzn-1(s).
Proof. We are going to apply Lemma 4.3 above. In our case P is the polyhedron
accompanying the G-nerve N(U), i.e., the polyhedron N'(U). Let K be its 1-
skeleton and £ : P — Foo(K) the continuous map from Lemma 4.3.
Let z € N(U) and let the G-simplex

o=A(L,FL) CG/Hy, *---xG/H,,
be the G-carrier of . Then x = Y t;g,,H,,, where s = (guoHugs - -, 9u, Hp,,) is

=0
the carrier of .

Define the map R : N(U) — Foo(I') by setting

R(z) = R(Z tigmHm) =&(to, - tn) - (guoHﬁo’ s ’gl-‘anllfn)
i=0

n
= {Z uig#iH#i
=0

Since £(to, .- .,tn) belongs to Fsn-1(P1), we see that R(x) belongs to Fan-1(s) C
Fin-1(T"). Continuity and equivariance of R are evident from the definition of R.
Properties (1) and (2) follow from the analogous properties in Lemma 4.3. O

(40, -+ -y tn) € f(to,...,tn)}.

5. PROOFS OF THEOREMS 1.3 AND 1.4

We shall give a sequence of lemmas culminating in proofs of Theorems 1.3 and
1.4.

In this section d will always denote the Euclidean metric on R"™.

By P(n) we will denote the subset of L(n) consisting of all compact convex
bodies A such that the contact set 9ANIB™ has an empty interior in the boundary
sphere S"~! = 0B™.

Lemma 5.1. For each ¢ > 0 and each body E € Ly(n) there ezists a body D € P(n)
such that di(E,D) < € and the O(n)-stabilizer O(n)g of E coincides with the
O(n)-stabilizer O(n)p of D.

Proof. Let r : B(n) — L(n) be the O(n)-equivariant retraction from Theorem 2.3.

Because of compactness of L(n) (Theorem 2.4), one can find a real 0 < § < &/2
such that dp(r(A), A) <e/2 for all A belonging to the §-neighborhood of L(n)
in B(n), where dy denotes the Hausdorff metric on B(n).

Let K be the stabilizer O(n)g. It follows from Slice Theorem 2.2 that there is a
real 0 < 7 < ¢ such that the inequality dg(E, X) < n for X € Lg(n) implies that
the stabilizer O(n)x is conjugate to a subgroup of K, i.e., (O(n)x) =< (K).

Choose a centrally symmetric, convex polyhedron P C R™ with a nonempty
interior, such that dy (E, P) <, P C E and all the vertices p,...,px of P lie on
the boundary OF. Then the convex hull

M = conv(K(p1)U--- UK (px))

is a centrally symmetric, compact, convex, K-invariant subset of R™. Since it
contains P, we see that M has a nonempty interior in R”, and so M € B(n).

We claim that the boundary M does not contain an (n — 1)-dimensional elliptic
domain, i.e., an open subset V' C OM which is at the same time an open subset
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of some (n — 1)-dimensional ellipsoid surface lying in R™. It suffices to show that
none of the orbits K(p;), i = 1,...,k, contains an (n — 1)-dimensional elliptic
domain. Assume the contrary, that some K (p;) contains an (n — 1)-dimensional
elliptic domain V. Since K (p;) lies on the (n — 1)-dimensional sphere dB(0, ||p;||)
centered at the origin and having the radius ||p;||, then V should be, in fact, a
domain of the sphere B(0, ||p;||). Since K(p;) is homogeneous and compact, we
conclude that there are finitely many open subsets Vi,...,V,, of K(p;) such that
K(p;) = V1 U---UV,, where each V; is homeomorphic to V. Next, by the Domain
Invariance Theorem (see, e.g., [27, Ch. 4, Section 7, Theorem 16]), each V; should
be open in the sphere dB(0, ||p;||), and hence, the union V3 U--- UV, is open in
dB(0, ||lp:]l)- But Vi U---UYV, is also closed in dB(0, ||p;||), because it is equal
to K(p;). Now, by connectedness of dB(0, ||pi||), it then follows that K (p;) must
be the whole sphere dB(0, ||p;||). Consequently, K acts transitively on the sphere
dB(0, ||lp:||), and hence on the unit sphere S™~1. This contradiction proves the
claim.

In particular, the contact set of M, which is by definition the intersection of dM
with the boundary of the Lowner ellipsoid {(M), also does not contain an elliptic
domain.

Now consider the body D = r(M) € L(n). Since D = T(M) for some linear
nondegenerate operator T : R™ — R™, the contact set 9D N dB™ is just the image
under T of the contact set M N J(I(M)). Consequently, 0D N dB™ has an empty
interior in the sphere S"~! = dB", and hence, D € P(n). Since dg (P, E) < n and
P C M C E, we see that dg(M, E) < n < 8. Consequently, dg(D, E) < &, which
implies in turn that (O(n)p) = (K). Since M is K-invariant, we have K C O(n)y,
and since r is O(n)-equivariant, O(n)y C O(n)rary = O(n)p. Thus K C O(n)p,
which implies in combination with (O(n)p) = (K) that O(n)p = K. d

The following lemma is the key in the proof of Theorems 1.3 and 1.4:

Lemma 5.2 (Key lemma). Let € > 0, and let V. be the e-cover of Lo(n). Then
there exist a G-normal cover U = {(gSx, Hx) | g € G, X € A} of Ly(n) and G-maps
p:Lo(n) > NU), ®: NU)— P(n) such that
(1) for each gSx € U there is an element V(g,\) € V./2 with gSx C V(g, )
and ®(St(gHx,N(U))) C V(g,A), and
(2) the composition ®p is e-close to the identity map of Lo(n).

Proof. By Lemma 4.1, there is a G-normal cover
U= {(gS)\,H,\)| geG, e A}

of Lo(n) that is a star-refinement of V. 4. Fix an invariant locally finite parti-
tion of unity {¢x}xrea subordinated to U. Let p : Lo(n) — N(U) be the G-map
corresponding to {¥x}rea (see Lemma 4.2).

For every gS\ € U we choose an element V (g, ) € V., such that

where V' (g,)/2 € V.4 denotes the open ball in Lo(n) concentric with V'(g, A) and
having half the radius of V(g, A).

Now we define the map @ : N (U) — P(n) as follows.

First we define a G-map ¢ : I' — P(n), where I is the G-1-skeleton of N'(U).



3394 SERGEY A. ANTONYAN

For each G-vertex G/Hy € N(U) with Hy the subgroup corresponding to the
Hy-slice Sy € U, we select a point X € Sy such that the stabilizer Gx, coincides
with the group Hj.

By Lemma 5.1 above, we choose a body Ay € P(n), €/4-close to X, and having
the stabilizer G4, = Hj.

Define the G-map q: G/H) — G(A)) C P(n) by setting

q(gH)) = gAx for every gH), € G/H,.
The inclusion Hy C G4, guarantees that g is a well-defined G-map. We aim to
extend g equivariantly to the G-1-skeleton I' of N (U). It suffices to extend q over
each G-1-simplex of I'. Let A be a G-1-simplex of I with the G-vertices G/H) and
G/H,. We first define two G-maps s; : A — B(n) and s : A — B(n). Indeed,
let y = tgoHy) + (1 — t)g1H, be an arbitrary point of A, where gy, g1 € G and
oSN g18, # 0.
We set

s1(y) = tgoAx + (1 —t)g1 A, and  s2(y) = goAa.

Recall that here tW + (1 —t)Z means the Minkowski convex combination of the
convex sets W, Z C R", i.e.,

tW+(1-1)Z={tw+(1—-t)z |weW, z€ Z}.
Clearly s; and sy are continuous G-maps from A to B(n).
Define ¢'(y) to be the convex hull of the union s1(y) U s2(y).
Since s1(y) U s2(y) depends continuously upon y € A, the continuity of ¢’ now
follows from the continuity of the convex hull operator (see [31, Theorem 2.7.4(iv)]).
Analogously, let ¢”(y) be the convex hull of the union

914, U (tgoAx + (1 —t)g14,).
For the same reason, ¢”(y) depends continuously upon y € A.
Now we paste ¢’ and ¢” to define the desired map q:
q'((1—2t)goHx + 2tg1 H,), if 0<t<1/2,
q"((2t - 1)g1H, + (2 —2t)goH,), if 1/2<t< 1.

Since (1 —2t)goHx +2tg1H, and (2¢t—1)g1H, + (2—2t)goH, depend contin-
uously upon tgoHx+ (1 —-t)g1H, € A and ¢'(914.) = ¢"(g0An), we see that the
continuity of ¢’ and ¢” implies the continuity of g. The equivariance of ¢ is evident.
Let us check that ¢(y) € P(n).

Indeed, since for each t € [0,1/2],

goAx C q(thHA + (1 - t)ngM) c B",
we infer that q(tgoHx+(1—t)g1H,) belongs to Lo(n). Further, for each t € [0,1/2],
the contact set of q(tgoHA +(1- t)ngu) is a subset of the contact set of ggAa,
and hence, it has an empty interior in the sphere S®1.

Analogously, for t € [1/2,1],

g1 A, C q(tgoHx + (1 —t)g1H,) C B™,
which implies that g(tgoHx + (1 — t)g1H,) belongs to Lo(n). The contact set of
q(tgoHA +(1- t)ngu) is a subset of the contact set of g1A,, and hence, it also

has an empty interior in the sphere S™~I.
Thus, we have proved that for arbitrary y € I, ¢(y) belongs to P(n).

q(tgoHx + (1 —t)g1 H,,) = {
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By Lemma 4.4, there is a G-map R : N(U) — Foo(T) satisfying conditions (1)
and (2) of Lemma 4.4. Observe that for every y € N'(U), R(y) is a finite collection
of elements of I'. Now we define ® : N () — expR™ by

@) =JarRw)= |J a=), yeNW)

z€R(y)

Then @’ is well-defined, and by [23, Corollary 5.3.7] it is continuous. The equi-
variance of ¢’ follows from that of R and of q.

Let ®(y) be the convex hull of the set ®'(y). Since ®'(y) C ®(y) C B", we infer
that ®(y) € Lo(n).

The continuity of ® now follows from the continuity of & and of the convex hull
operator (see [31, Theorem 2.7.4(iv)]).

Next, since ®'(y) is a finite union of bodies from P(n), its contact set, i.e., the
intersection 0B™ N 0®’(y), is the finite union of the contact sets of these bodies
from P(n). Therefore, 9B™ N 9®'(n) has an empty interior in B™. It remains to
observe that ®(y) and ®'(y) have the same contact set, and hence, ®(y) € P(n).

Let us check that ®(St(gHx, N (U))) C V(g,)) for all g € G, A € A. Here we
need the following:

Claim. Let O(X,a), a > 0, be the open a-ball in B(n) centered at X € B(n).
If y = tgoH) + (1 — t)g1H, is a point of the 1-cell (goHx,g1H,) such that the
corresponding sets goAx and g1 A, belong to O(X, a), then ¢(y) € O(X,a) N Lo(n).

Proof of the Claim. First of all we observe that O(X,a) is always a convex set in
B(n),ie.,if Y, Z € O(X,a), then for every ¢t € [0, 1] the convex body tX + (1—t)Z
belongs to O(X,a).

Hence, 51(y) = tgoAx + (1 — t)A, € O(X,a), due to the convexity of O(X,a).
One also has sa(y) = goAx € O(X, a).

On the other hand, according to ([31, Theorem 2.7.4(iv)]), the convex hull op-
erator is non-expansive. So for 0 <t < 1/2 we have

du (¢'((1 — 2t)goHx + 2tg1 H,), X)

< dH(((]. —2t)goAx + 2tg1A“) UgoA)\),X) < a.
Similarly, for 1/2 <t <1 we have

du (¢"((2t — 1)g1H, + (2 — 2t)goH)), X)

<du(((2t —1)g1H, + (2 - 2t)goHr) U g14,), X) < a.

Therefore, ¢(y) belongs to O(X,a). Since ¢(y) € Lg(n), we infer finally that
q(y) € O(X,a) N Lo(n), which completes the proof of the claim.

Now assume that y € St(gHx, N ({)) is an arbitrary point. We have to show
that ®(y) € V(g, A).
Let

T= <g0H/\o7 vee 7gnH/\n)

be the carrier of y, where go = g and Ag = A. Since goSx, N--- N g, Sy, # 0, it
follows from (5.1) that

(5.2) 9: X, € St(goSxr,,U) C V (g0, X0)/2 for all 0<i<n.
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Let V(go, Ao) be the intersection Lo(n)NO(Y,e/2) for some Y € Lo(n). It follows
from (5.2) that

(5.3) du(gr,Xx,,Y) <e/4 forall 0<i<n.

Since
du (9iAx,, 9 Xx,) = du (Ax,, X»,) < €/4,
it follows from (5.3) that

(5.4) giAx, € O(Y,e/2) forall 0<i<m.

By Lemma 4.4, R(y) belongs to the 1-skeleton of the n-cell (goHx, - - -, gnHa, ),

i.e., to the union
n

U (giH)\i’ng)\j)'
4,5=0
Now, it follows from (5.4) and the above claim that the image under g of each
l-cell (g;H),;,g;H);), 0 < i, j <n, lies in O(Y,¢/2). Since

¥y = |J q@),
z€R(y)
we infer that ®'(y) also lies in O(Y,¢/2). Since ®(y) is the convex hull of ®'(y)
and Y is convex, the inequality dg (conv A, conv B) < dg(A, B) (see [31, Theorem
2.7.4(iv)]) implies that d (®(y),Y) < €/2, i.e., ®(y) € O(Y,&/2). Consequently,

®(y) € O(Y,e/2) N Lo(n) = V(go, M) =V (g, ),

as required.

The second claim of Lemma 5.2 now follows immediately from the first one.

Indeed, for any A € Lo(n) there is A € A such that px(A) > 0. Then A € G(S,),
and hence, A € ¢S, for some g € G. It then follows from the definition of the map
p: Lo(n) — N(U) that p(A) € St(gHx,N(U)) (see the proof of Lemma 4.2). By
the first statement, ®(p(A)) € V(g,A). Since A € gSx C V(g,A), we see that A
and <I>(p(A)) are ¢-close. This means that the map ®p is e-close to the identity
map of Lg(n), which completes the proof. |

Let (X,d) be a metric space with a geodesic (or convex) metric d, i.e., for any
two points x, y € X there is an isometry ¢ : [0, d(z,y)] — X such that ¢(0) = z and
L(d(w,y)) = y. For any element A € exp X the generalized closed r-ball centered
at A is the set A, = {z € X| d(z,A) < r}. If X =R" and A € B(n), then A, is
just the parallel body A + rB™, and hence, in this case, A, is a compact, convex,
centrally symmetric body.

Lemma 5.3. Let (X,d) be a metric space with a geodesic (or convexr) metric d.
Then for any two elements A, C € expX and any two numbers r, s > 0, the
following hold:

(1) dH(A,»,B,») < dH(A, B),

(2) du(Ar, As) <|r—s|.

Proof. Since d is a convex metric, the first claim follows from [19, Proposition 10.5].
The second one follows from the property (Ap)q = Ap+q for any two nonnegative
reals p and g (see (25, p. 38, Exercise 0.65.3(c)]). O
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Lemma 5.4. For each € > 0 there ezist O(n)-equivariant maps f., he : Lo(n) —
Lo(n), e-close to the identity map of Lo(n), such that the images of f. and h. are
disjoint.
Proof. Define a continuous map v : Lo(n) — R by the rule

v(A) = (1/2) min{dg (B™, A),e} for every A € Lo(n).

Let f. be just the closed v(A)-neighborhood of A in B", i.e.,

fe(A) = Aya).

By the choice of y(A), the set f.(A) is different from B™, and since A C f.(A),
we see that fe(A) € Lo(n). It is clear from the construction that f. is e-close to
the identity map of Lo(n).

Let us check the continuity of f.. We have

du (fe(A), f-(C)) = du(Ay(a), Cr(0)) < du(Ay(a)s Avic)) + du(Ayc), Cro))-
But by Lemma 5.3,

dr(Aya); Aye) < 1¥(A) =) and  du(Ayc), Cyo)) < du(4, O).
Thus,
dr (fe(A), f(C)) < Iv(A) = v(O)| + du(4,C).

Now the continuity of f. follows from that of v. The O(n)-equivariance of f. is
immediate from the invariance of the metric d.

Next, we define the map h. : Lo(n) — Lo(n) to be the composition ®p from
Lemma 5.2. Then f.(A) # he(C) for all A, C € Lo(n), since the contact set of fc(A)
has a nonempty interior in the boundary sphere S"~! = 9B" while the contact set
of he(C) has an empty interior in S™~! (this is because h.(C) € P(n)). O

Lemma 5.5. There is an O(n)-equivariant strong deformation retraction (f;) of
L(n) to its point B™ such that f; : L(n) — L(n) is an O(n)-isovariant map for all
0 <t < 1. In particular, fi(A) # {B™} for all 0 <t <1.

Proof. For each A € L(n) and 0 <t <1, write
fi(A) = (1-t)B™ +tA.
Od

Proof of Theorem 1.3. Since, by Theorem 2.4, L(n) is an O(n)-AR, we infer that
it is also an H-AR (see, e.g., [30]). Therefore, by Theorem 2.7, L(n)/H is an AR.
Since Lo(n)/H is an open subset of L(n)/H, it is a locally compact ANR. Now, in
order to prove that Lo(n)/H is a @-manifold it suffices, according to Toruniczyk ’s
Characterization Theorem [28], to check that for every ¢ > 0 there are continuous
maps f,, h. : Lo(n)/H — Lo(n)/H, e-close to the identity map of Lo(n)/H, such
that the images of f. and h. are disjoint. But this is immediate from Lemma 5.4,
if we take for f! and h. the maps induced by f. and h., respectively.

The [0, 1)-stability of Lo(n)/H follows from Lemma 5.5, which yields that the
space Lo(n)/H possesses an obvious proper deformation (preimage of each compact
set is compact) to infinity:

(Lo(n)/H) x [0,1) = Lo(n)/H.
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Hence, by a result of R. Y. T. Wong [36], Lo(n)/H is homeomorphic to its product
with the half-open interval [0,1), i.e., Lo(n)/H is [0,1)-stable. This completes the
proof.

The following lemma for n = 2 was proved in [9]:

Lemma 5.6. For each closed subgroup K C O(n) acting non-transitively on S*~ 1,
and each € > 0, there is a K-equivariant map h. : L(n) — Lg(n), e-close to the
identity map of L(n). In particular, h.(L(n)[K]) C Lo(n)[K].

Proof. Let r : B(n) — L(n) be the O(n)-equivariant retraction from Theorem 2.3.
Because L(n) is compact (Theorem 2.4), one can find a real 0 < § < £/2 such that
du(r(A),A) < /2 for all A belonging to the d-neighborhood of L(n) in B(n),
where dg denotes the Hausdorff metric on B(n).

Fix a centrally symmetric, convex polyhedron P C R™ with a nonempty interior,
inscribing B™, i.e., P C B™ and all the vertices py, . . ., px of P lie on the unit sphere
S"~! = @B™. Then the convex hull

R= conv(K(pl) U---u K(pk))

is a centrally symmetric, compact, convex, K-invariant subset of R™. Since it
contains P, we see that R has a nonempty interior, and hence, R € B(n). We claim
that the boundary OR does not contain an (n — 1)-dimensional elliptic domain,
i.e., an open connected subset of some (n — 1)-dimensional ellipsoid surface lying
in R™. It suffices to show that none of the orbits K(p;), i = 1,...,k, contains an
(n — 1)-dimensional elliptic domain. Assume the contrary, that K (p;) contains an
(n — 1)-dimensional elliptic domain. Since K (p;) lies on the sphere S™~!, then this
domain should be in fact a domain of the sphere S" . Since K (p;) is homogeneous
and compact, we conclude that there are finitely many open subsets V3,...,V,, of
K (p;) such that K(p;) = V1U---UV,, where each V; is homeomorphic to V. Next,
by the Domain Invariance Theorem (see, e.g., [27, Ch. 4, Section 7, Theorem 16]),
each V; should be open in the sphere S™~!, and hence, the union V; U--- UV, is
open in S"~1. But V;U---UV, is also closed in S™"~!, because it is equal to K(p;).
Now, by connectedness of S™~1, it then follows that K(p;) is the whole sphere
S™~1. Consequently, K acts transitively on the unit sphere S"~!, a contradiction.
The claim is proved.

Now, let a be the distance of the origin from the boundary of R, and T =
(1/a)R. Then T is a K-invariant, centrally symmetric, compact, convex body that
circumscribes the unit ball B", i.e., B® C T and the boundaries 0T and dB™ have
a nonempty intersection.

Setting

h'(A)=AN(1-98T,
we obtain a map h' : L(n) — B(n). Since T is a K-fixed point of B(n), we see that
k' is K-equivariant.

Continuity of A’ is evident.

Since dy (A, AN(1-6)B™) < 6 and AN(1—6)B™ C k'(A) C A, we conclude that
du (A, 1 (A)) < 6. In particular, b’ is (¢/2)-close to the inclusion L(n) < B(n).

We claim that h’(A) is not an ellipsoid for each A € L(n). Indeed, if A C (1-6)T,
then A # B", since T circumscribes B™ and 1 — 4 < 1. On the other hand,
h’'(A) = A in this case, and hence, h'(A) is not an ellipsoid. If A is not contained
in (1 — 6)7T, then the boundary of h’(A) contains a domain lying in the boundary
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of (1 —6)T. Since (1 —6)T = ((1 — 6)/a) R and since the boundary of R does not
contain an (n — 1)-dimensional elliptic domain (as shown above), we conclude that
the boundary of (1 — §)T does not contain an (n — 1)-dimensional elliptic domain
as well. Thus, h'(A) is not an ellipsoid, and the claim is proved.

Since r(h/(A)) and h'(A) have the same GL(n)-orbit, we conclude that r(h’(A))
# B™ for each A € L(n). Since r is O(n)-equivariant and h’ is K-equivariant,
denoting by h. the composition rh’, we obtain a K-equivariant map h. : L(n) —
Ly(n), e-close to the identity map of L(n). a

Proof of Theorem 1.4. For the first claim it suffices to show that Lo(n)/K is home-
omorphic to Qo, the Hilbert cube with a removed point. By Theorem 1.3, Lo(n)/K
is a [0,1)-stable @-manifold. On the other hand, Qo is a contractible [0, 1)-stable
Q-manifold. Therefore, according to a result of T. A. Chapman [12, Theorem 21.2],
it remains only to check that Lo(n)/K and Qo are homotopically equivalent, i.e.,
that Lo(n)/K is contractible.

According to Theorem 2.4, L(n) is an O(n)-AR, which in turn implies that
L(n) € K-AR (see, e.g., [30]). Then, by Theorem 2.7, L(n)/K is an AR, and
hence, is contractible. It follows from Lemma 5.6 that the singular point {B"} is
a Z-set in the K-orbit space L(n)/K, and hence, according to [18], L(n)/K and
Lo(n)/K have the same homotopy type. Since L(n)/K is contractible, we see that
Lo(n)/K is contractible too.

For the second claim, it suffices to show that Lo(n)[K] is homeomorphic to Qo.
First we show that Lo(n)[K] is a [0, 1)-stable @-manifold. Indeed, by Theorem 2.4,
L(n) is an O(n)-AR, and hence, L(n)[K] is an AR [2, Theorem 7]. It then follows
that Lo(n)[K] is a locally compact ANR. Now by Toruriczyk’s Characterization
Theorem [28], Lo(n)[K] is a Q-manifold if we observe that the equivariant maps f,
and h. from Lemma 5.4 take Lo(n)[K] into itself. The [0, 1)-stability of Lo(n)[K]
can be proved like that of Lo(n)/K in Theorem 1.3. Indeed, Lemma 5.5 yields that
the space Lo(n)[K] possesses an obvious proper deformation to infinity

(Zo(m)IKT) x [0,1) = Lo(n)[K].

Hence, by the result of R. Y. T. Wong [36], Lo(n)/H is [0, 1)-stable.

Let us show that Lo(n)[K] is contractible. Since Lo(n)[K] # 0, according to
Lemma 5.6, the singular point {B"} is a Z-set in L(n)[K]. It then follows from [18]
that L(n)[K] and Lo(n)[K] have the same homotopy type. But since L(n)[K] is
an AR, it is contractible, and hence, Lo(n)[K] is contractible too. Since Qo also is
a [0, 1)-stable contractible Q-manifold, it only remains to apply the above-quoted
result of T. A. Chapman to the @Q-manifolds Lo(n)[K] and Qo. This completes the
proof.

6. PROOF OF THEOREM 1.6
We first prove the following fact.

Lemma 6.1. Lo(n) and IIy(n) have the same O(n)-homotopy type.

Proof. By [9, Lemma 4], there is an isovariant map f : Lo(n) — II(n), yielding that
the image of f lies, in fact, in IIp(n). Hence, the result follows from the following:
Claim. Every O(n)-equivariant map f : Lo(n) — IIp(n) is an O(n)-homotopy
equivalence.
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To prove this claim we apply the James-Segal Theorem 2.5. In our case G=0(n),
T = Lo(n) and Z = Ip(n).

By Theorem 2.4, L(n) € O(n)-AR, implying that Lo(n) € O(n)-ANR. Let K C
O(n) be a closed subgroup such that Lo(n)[K] # 0. As we have seen above in
the proof of Theorem 1.4, Lo(n)[K] is contractible. Besides, it follows from the
equivariance of f that Lo(n)[K] C Iy(n)[K], and so Iy(n)[K] # 0.

On the other hand, since O(n)/H; € O(n)-ANR [26, p. 27], we infer that
Cone(O(n)/H;) € O(n)-AR (see [9, Lemma 3]). Consequently, Q(H;) € O(n)-
AR, ¢ > 1, and hence, II(n) € O(n)-AR, implying IIy(n) € O(n)-ANR. Thus, it
remains only to show that for each closed subgroup K C O(n) with IIy(n)[K] # 0,
IIp(n)[K] is contractible and, at the same time, Lo(n)[K] # 0. We will show that
in fact II(n)[K] is a Hilbert cube, implying the contractibility of IIo(n)[K]. Indeed,
it is not hard to see that if IIo(n)[K] # 0, then there is an orbit type (H;) such that
(O(n)/H;)[K] # 0. This implies that (K) < (H;), and so, K C gH;g™! for some
g € O(n). But H; occurs in Lo(n) as a stabilizer. So there exists a body A € Lo(n)
such that O(n)4 = H;. Consequently, K C O(n)g4. Since gA € Lo(n), we see that
Ly(n)[K] # 0. Next we have

o0

(n)[K] = [[(Q(H:)[K]).
i=1
Since O(n)/H; € O(n)-ANR, we see that (O(n)/H;)[K] is a nonempty ANR. Con-
sequently,

(Cone(O(n) /Hi))[K] - cone((O(n) /H,-)[K])

is a nondegenerate AR. Hence, according to a result of West [32], the countable
product

Q(Hy)K] = (Cone(O(n)/Hy)[K]) ™

is a Hilbert cube. This implies that [] (Q(H;)[K]) is a Hilbert cube, and hence,
i=1

IIo(n)[K] is contractible. By applying the above-mentioned James-Segal Theorem,
we complete the proof. a

Proof of Theorem 1.6. Since by Theorem 1.3, Lo(n)/H is a [0, 1)-stable @-manifold,
according to Chapman’s theorem [12, Theorem 21.2], it remains only to prove that
IIp(n)/H is a [0, 1)-stable @-manifold of the same homotopy type as Lo(n)/H.

The fact that IIo(n)/H is a Q-manifold is proved in [9, Theorem A1l]. Its [0,1)-
stability follows from Wong’s theorem [36] if we observe that IIp(n)/H possesses a
proper deformation to infinity:

(To(n)/H) x [0,1) — Ho(n)/H.

Indeed, this follows easily from the conic structure of II(n).
Finally, that IIp(n)/H and Lo(n)/H have the same homotopy type follows im-
mediately from Lemma 6.1.

7. PROOF OF THEOREM 1.9 AND REDUCTION OF CONJECTURE 1.8

We start with the following lemma.
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Lemma 7.1. Let G be a compact group, N C G a closed, normal subgroup and X
a G-ANR (resp., a G-AR). Then the N-fized point set X[N] is a G-ANR (resp., a
G-AR) as well.

Proof. According to [5, Corollary 5], there is a normed linear space L such that
X can be embedded as a closed invariant subspace into Z = C(G, L), the normed
linear G-space of all continuous maps f: G — L endowed with the sup-norm and
with the action gf of G defined by

(9f)(@) = f(zg); f€C(G,L) gz€G.
Then there is a G-retraction r: U — X for some open G-neighborhood U of X in

Z (resp., U = Z). Therefore, it suffices to prove that Z[N] is a G-AR. One easily
sees that Z[N] = C(G/N, L), where the G-action g¢ on C(G/N, L) is defined by

(9¢)(zN) = ¢(zgN), for ¢ € C(G/N,L) and g€ G, zN € G/N.
Now C(G/N, L) is a G-AR by [5, Theorem 8]. a

Let sexp S™ be the subspace of exp S™ consisting of all centrally symmetric sets
AC 8" ie., A= —A. Bysexp, S™ we will denote the complement (sexp S™)\{S"}.
Evidently, sexp S™ is an O(n)-invariant subset of exp S™.

The next lemma is immediate from Theorem 3.1 and Lemma 7.1 if we observe
that sexp S"~! = (exp S"71)[N] with N = {Ign, —1rn}:

Lemma 7.2. sexpS™~! is an O(n)-AR.
Lemma 7.3. There exists an O(n)-equivariant map f : sexp, S™~1 — Lo(n).
Proof. For every A € sexp, S™7!, let

¢(A) = conv(A U B(0,1/2)),
where B(0,1/2) is the closed 1/2-ball in R™ centered at the origin, and conv stands
for the convex hull. Clearly, ¢ is a well-defined, continuous, O(n)-equivariant map
of sexpy S™! into B(n). Furthermore, ¢(A) is not an ellipsoid because A # ™!,
implies that the boundary 8(<p(A)) contains a nontrivial line segment. Now we
set f = rp, where r : B(n) — L(n) is the O(n)-equivariant map from Theorem
2.3. Since @(A) is not an ellipsoid, and since 7 preserves the GL(n)-orbit, we

conclude that f(A) is not the unit ball B™; so f(A) € Lo(n). Since r and ¢ are
O(n)-equivariant, so is f. O

Lemma 7.4. Let K C O(n) be a closed subgroup. Then the following conditions
are equivalent:

(1) K acts non-transitively on the sphere S™~!,
(2) (expy S™1)[K] #0,

(3) (sexpg S"1)[K] #0,

(4) Lo(n)[K] # 0.

Proof. (1) = (2). If K acts non-transitively, then there is a K-invariant proper
subset A C S"71;s0 A € (exp, S"1)[K].
(2) = (3). If A € (expy S™ 1)[K], then either
(~A)UA#ST or (—A)NA#0,
and so at least one of the sets (—A)UA and (—A)N A belongs to (sexp, S™ 1)[K].
Thus, (sexp, S"1)[K] # 0.
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(3) = (4) is immediate from Lemma 7.3.

(4) = (1). If there is a body A € Lo(n)|K], then the contact set ANS™!is a
nonempty, K-invariant, proper subset of S*~!. So the action of K on ™! is not
transitive. |

Lemma 7.5. Every O(n)-equivariant map f : sexp, S"~1 — Lo(n) is an O(n)-
homotopy equivalence.

Proof. We are going to apply the James-Segal Theorem 2.5 with G=0(n), T =
sexpy, S"~! and Z = Lo(n). It follows from Lemma 7.2 that sexp, S"~! € O(n)-
ANR. Since L(n) € O(n)-AR (see Theorem 2.4), we see that also Lo(n) € O(n)-
ANR.

Let K C O(n) be a closed subgroup. Then by Lemma 7.4, (sexp, S"~1)[K] # 0
iff Lo(n)[K] # 0. Let Lo(n)[K] # 0@ and K’ = K x {lgn, —1g=}. Since

(expy S H)[K'] = (sexpy S" 1) [K] # 0,

the action of K’ on S™~! is not transitive, i.e., S"~!/K" is not a singleton. Since
(exp S™~1)[K"] is homeomorphic to exp(S™~!/K’) and S"~!/K’ is a nondegenerate
Peano continuum, by the Curtis-Schori-West Hyperspace Theorem (see, e.g., [23,
§8.4]), exp(S™~!/K’), and hence (sexp S"~1)[K], is a Hilbert cube. Consequently,
(sexpy S™71)[K], being a Hilbert cube with a removed point, is contractible.

According to Lemma 5.6, the singular point {B"} is a Z-set in L(n)[K]. Since
L(n)[K] € AR, it then follows from [18] that L(n)[K] and Lo(n)[K] have the same
homotopy type, and hence, Lo(n)[K] is contractible too. Now, by applying the
above mentioned James-Segal Theorem 2.5, we complete the proof. O

Similarly, the following can be proved:

Lemma 7.6. Every O(n)-equivariant map f : sexp, S"~! — exp, S"7! is an
O(n)-homotopy equivalence.

Proof. By Lemma 7.4, for any closed subgroup K C O(n) one has
(sexpg S"1)[K] # 0 <= (expo S"71)[K] # 0.

As in the proof of Lemma 7.5, (sexp, S™!)[K], as well as (exp, S™!)[K], is
contractible whenever (exp, S™~!)[K] # 0 (or equivalently, (sexp, S™~!)[K] # 0).
Now apply the James-Segal Theorem 2.5. |

Lemma 7.3 and Lemma 7.5 have the following immediate consequence.
Corollary 7.7. sexp, S~ ! and Lo(n) have the same O(n)-homotopy type.
Analogously, Lemma 7.6 implies the following.

Corollary 7.8. The natural inclusion sexp, S"~! < exp, S*~! is an O(n)-homo-
topy equivalence.

Proof of Theorem 1.9. Immediate from Corollaries 7.7 and 7.8.
Our final result reduces Conjecture 1.8 to an easier one:

Theorem 7.9. For each closed subgroup H C O(n), the two H-orbit spaces
Lo(n)/H and (expy S"~!)/H are homeomorphic iff (exp, S™1)/H is a Q-mani-
fold.

For the proof we need the following fact.
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Lemma 7.10. There ezists an O(n)-equivariant strong deformation retraction ( f;)
of exp S™! to its O(n)-fized point {S™ 1} such that fi(A) # {S™'} for all 0 <
t <1 and A € exp, S™1.

Proof. Observe that the usual spherical metric d on S"~! is O(n)-invariant and
convex. For each A € expS™~! and 0 <t < 1, write

fi(A) ={x € S"! | d(x,A) < (1 —t)dg(S™ 1, A)}.

Due to the convexity of d this homotopy is continuous; it is also equivariant, since
d and dpy are invariant. Other required properties of (f;) are evident. O

Proof of Theorem 7.9. Since by Theorem 1.3, Lo(n)/H is a Q-manifold, only the
“if” part requires a proof.
So, assume that (exp, S"7!)/H is a Q-manifold. It follows from Theorem 1.9
that
(exp, S™1)/H and  Lo(n)/H

have the same homotopy type. Moreover, by Theorem 1.3, Lo(n)/H is a [0,1)-
stable Q-manifold. Therefore, according to Chapman’s theorem [12, Theorem 21.2],
it only remains to see that (exp, S"~1)/H is [0, 1)-stable too. Indeed, Lemma 7.10
yields that (exp, S™~!)/H possesses an obvious proper deformation to infinity:

((expo S™*)/H) x [0,1) — (expy S™*)/H.

Now Wong’s result [36] implies that (exp, S™~!)/H is [0,1)-stable, and this com-
pletes the proof.

Acknowledgement. The author is grateful to the referee for helpful suggestions
and remarks which led to a number of improvements of the text.
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