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We give local normal forms for generic constrained equations of the form
f(z)z = H(z) where f is a smooth real function defined on a manifold M and H is
a smooth vector field on M.  © 1997 Academic Press

1. INTRODUCTION
In this paper we will study constrained equations of the form

f(2)z = H(z), (1.1)

where f is a smooth (C*) real function on R” and H is a smooth vector
field on R™. Here all functions, fields, manifolds, maps, etc., will be C”.

In [1], Rabier posed the problem of studying equations of the form (1.1),
because they can be useful to understand explicit systems of differential
equations. In the same paper he described qualitative properties of the
solutions of (1.1), in a neighborhood of certain points contained in the zero
set of f (those satisfying f(z) = 0 and df(z)H(z) # 0).

Equation (1.1) is equivalent to a particular case of an equation of the
form

A(z)z = H(z2), (1.2)

where A(z) is a linear map of R™ into itself. In [2] normal forms for (1.2)
are given, in the case when m = 2.

In this context, our results extend those given in [1] in the sense that
they contain generic cases of equations of the form (1.1), giving normal
forms for their germs around a zero of f.
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Other kind of constrained equations are those of the form
F(x,y)=0
x=G(x,y),

where F:R” X R" - R" and G:R"™ X R" — R™.

The relation between this kind of constrained equations and those of

the form (1.1) is that in the tangent space of R™, (1.1) is of the form
f(z)p—H(z) =0
z=p.

In [3] Takens studies Eq. (1.3) assuming that F = (dU /3y, ..., dU/3dy,)
and some properties on the potential U. He defines in an adequate way
discontinuous solutions and gives a general existence theorem; he also
gives local normal forms for some low-dimensional cases.

Nevertheless, these results cannot be applied to our problem because
one of the basic hypotheses in [3] is that F~1(0) N (K X R") is compact if
K is a compact subset of R™. In our case this is satisfied, locally, just in
trivial cases (f(z,) # 0) or on not generic ones (f(z,) = 0 and H(z,) = 0).

The present paper is organized in the following form. In Section 2 we
give some examples and definitions. In particular we give criteria about
when two equations of the form (1.1) are equivalent; for this purpose we
follow two approaches, the first takes into account the solutions, and the
second just considers their images and the zero set of f.

In Section 3 we state our main results, which are applied generically,
taking the product fine C™ topology for pairs (f, H) defined on a m-
manifold.

Theorems 2 and 3 give, for each equivalence relation, normal forms for
the germs, at the zero set of f, of pairs (f, H). In Proposition 1 we
describe the invariant geometric properties of them.

Finally, in Section 4 we give the proofs, using Lemma 4 which is an
analytic characterization of germs of pairs (f, H) that are equivalent to
each normal form.

I thank Santiago Lopez de Medrano and Jesus Lopez Estrada for their
comments and fruitful discussions and the “Laboratorio de visualizacion
matematica” for obtaining graphical representations of the dynamics of
some equations.

(1.3)

2. DEFINITIONS AND EXAMPLES

DerINITION 1. A solution of (1.1) is a mapping z € C*(I, R™) (where I
is an open interval) that satisfies f(z(¢)z(¢) = H(z(¢)). A trajectory is the
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graph of a solution, and a phase curve is the image of a solution (as a
subset of R™).

DEFINITION 2. z is an impasse point of (1.1) if f(z) =0 and the
impasse set is f*(0).

Remark. In a generic case, f and H do not take the value 0 at the
same point, so the solutions cannot take the impasse points as values.
Nevertheless, for each impasse point z,, there exist solutions z, such that

lim z(¢) = z,. In fact the phase curves of (1.1) are the integral curves of H
t—t,

excluding the impasse set.

It is also a generic property that in a neighborhood of an impasse point
f is a submersion; so locally, the set of impasse points is a (m — 1)-
submanifold of R™.

It follows from these observations that, generically, in a neighborhood of
an impasse point, the family of phase curves together with the impasse set
is diffeomorphic to a family of parallel lines in R™ with a (m — 1)-
submanifold of R™.

EXAMPLE 1.

Using the diffeomorphism

1 1
PR ESRE

one gets that W sends the impasse set and the phase curves to the
respective curves of the equation

X _ (1

y o)

In both cases the closure of the phase curve that passes through O is
tangent to the impasse set and the others do not touch it or are transversal
to it. (See Fig. 1).

(x> +y)

EXAMPLE 2.
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FIG. 1. The impasse sets and the phase curves of two equivalent constrained equations.

In these examples, the impasse set and the phase curves of each
equation coincide, nevertheless their dynamics are different: in the first
case the solutions move away from the impasse set and in the second they
get closer to it (Fig. 2).

ExXAMPLE 3.
x 1
(*+xy+2)|y| =10
z 0

Here the closure of each phase curve is an horizontal line, the one that
passes through 0 has a 3rd order-contact with the impasse set, S, while the
others have 2nd order-contact (if they pass through a certain curve, S?,
contained in the impasse set); almost every line is transversal to the
impasse set (Fig. 3).

We will give two equivalence relations for germs of equations of the
form (1.1). The first takes into account the trajectories of the equations,
while the second considers their phase curves.

FIG. 2. Two equations with the same impasse sets and phase curves which have different
dynamics.
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FIG. 3. The phase curves can touch the impasse set with different contact orders.

DeriniTionN 3. We will say that the two triples (f, H, z) and (f H,7%)
are path-equivalent [(f, H, z) = (f, H, 2)] if there exist a diffeomorphism
T (R™, z) —» (R™, 2) such that its germ at z satisfies

fo.H=(f-v™)A, (2.1)

where V. H is the vector field of R™ induced from H by the differential
of .

DerFiniTION 4. We will say that (f, H, z) and (f, H, %) are phase-equiv-
alent [(f, H, z) ~ (f, H, 2)] if their germs satisfy

V. H=\H
fowt=af,

where ¥ :(R™, z) » (R™, 2) is a diffeomorphism and A and « are two
real smooth functions on R™ that do not vanish at Z.

Remark. With generic hypothesis (H # 0 at the impasse points), path-
equivalence means that, in a neighborhood of z,, t — z(¢) is a solution of
f(z)z = H(z) if and only if ¢+ - W(z(¢)) is a solution of f(z)z = H(z)
(notice that in the complement of the impasse set, Eq. (2.1) can be written
as V. (H/f) = (H/f)), while if 0 is a regular value of f and f, phase-
equivalence means that, locally, ¥ sends the integral curves of H to the
integral curves of H and the zero set of f to the zero set of f.
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ExampLE 4. The two equations mentioned on Example 1 are phase-
equivalent, and in spite of the fact that ¥ does not satisfy Definition 3,
they are also path-equivalent. (Take W(x,y) = (2 13x, —272/3x? +
2%/3y).) The equations on Example 2 are phase-equivalent but they are not
path-equivalent.

3. RESULTS

Our main results are Theorems 2 and 3 given below; we give normal
forms for the germs at impasse points of generic pairs (f, H).

In the case of phase equivalence, the normal forms are (f,, 3/dz,,0),
where k < m and

_ k k-2 k-1
filzy, oo z,) =27 Y277 %z, + 207 z5 + +zyz, 4 + zg.

DEerINITION 5. We will say that z is a k-regular impasse point of (f, H)
if (f, H, z) ~(f,,d/dz,,0), and that z is a regular impasse point if it is a
k-regular impasse point for some k < m.

The following proposition gives a description of the geometry of the
pairs (f, H) in a neighborhood of a k-regular impasse point. Here the sets
S!, defined below, play an important role

$°=f1(0)
S'={zeS"'H(z) e T.5" .

ExAMPLE 5. In Example 1, S* = {0} and for / > 1, S' = ¢; in Example
2, 8! = ¢ for I > 0 and in Example 3, S* is the curve where the closures of
the phase curves have contact of order 2 with the impasse set, S2 = {0}
and §' = ¢ for [ > 2.

PropPosITION 1.  If z is a k-regular impasse point, then in a neighborhood
of z:

(@ Forl<k,S'isasubmanifold of R™ of codimension | + 1 and
SO DSl S5 e D Skfl'

(b) Forl=>k,S' = ¢.

l(ci) ILZUery impasse point is regular and the set of l-regular impasse points
s ST\ S

The next theorem guarantees that the pairs (f, H) satisfying that all of
its impasse points are regular are generic. This is true if we take the
domain of the pairs (f, H) to be any paracompact manifold M. The
concept of a regular impasse point can be defined in a manifold in the
usual way because it is independent of the coordinate system.
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THEOREM 2. Let M be a paracompact manifold and A be the subset of
C*(M,R) X X“(M)* made of the pairs (f, H) that satisfy that every impasse
point is a regular impasse point.

A is an open and dense set with Whitney’s C™ fine topology.

In general, phase-equivalence does not imply path-equivalence, but in
the case of regular impasse points these two properties are almost the
same, except that one has to consider the directions in which the solutions
of the equations run through its phase curves. More precisely we have the
next theorem

THEOREM 3. Let z be a k-regular impasse point of (f, H).
If k is odd, then

J J
(f,H,Z)=(fk,(9—Zl-0) or (lelZ):(_fk'O-)_Zl’O)
and if k is even, then

d
(f,H,Z)z(fklg,O)-

1

4. PROOFS

Before starting, we will define m operators which will be useful to
characterize the k-regular impasse points of a pair (f, H). This characteri-
zation will be stated on Lemma 4.

DerINITION 6. For each k£ < m, let S, be the operator
S, C*(R™,R) X X*(M) - C*(R™,R¥)
Si(f H) = (f. Duf..... D *f),

where D f denotes the ith derivative of f in the direction of H, i.e.,
Dy, f(z) = df(z)H(z) and DL f(z) = d(D}; *fXz)H(z2).

Remark. The operators S, are independent of the coordinate system in
the sense that for any diffeomorphism ¢,

S(fiH)o @™t = Si(fe e, e H)
so these operators are well defined if instead of R™ we take any manifold.

1 X*(M) denotes the set of smooth vector fields on M.
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LEMMA 4. z is a k-regular impasse point of (f, H) if and only if the
following three conditions hold.:

Se(f H)(z) =0
Dff(z) #0 (4.1)
S(f, H) is a submersion at z.
To prove Lemma 4, we will use the two following lemmas.

LEMMA 5. Letf, g, and a be real functions on R™, with «(0) # 0, and
T (R™,0) — (R™,0) is a diffeomorphism such that V.. (d/dx) = Md/dx),
where M0) # 0.

@ Ifg= af, then

(i) g0 = (9g/3x)N0) = - = (¥ g/ax*"1)0) = 0 and
(9*g/ax*)0) # 0

i) S,(g, d/dx) is a submersion at 0.

(b) If f =gV then f satisfies properties (i) and (ii) if and only if g
satisfies them.

Proof. (@) Let g = afy; clearly, (i) is valid. The Jacobian matrix of
S,(g,d/dx) at 0 is of the form

0 0 0la(0) 0 - 0
: . * * e *
0 (k—2)!a(0) O. * o - 0
k'a(O) ES “ee * 0 “en O

so S,(g, d/dx) is a submersion at 0.

(b) Let f=g-W¥ and A such that ¥,(d/dx) = M3/dx). We have
that

a'f ! a0 d'g
_l = Z Bil /\, sy T — ©° y
ox -1 ox ox'
where each B! is an homogenous polynomial and B/(A, ..., A) = AL

Using this identity and the fact that A(0) # 0 one gets the first part of
the statement.
One also gets that S,(f, d/dx) has the form

J J
Sk(fl 5) = Sk(g! Ix

J v
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where M is the triangular matrix

1 0 0 - O

0 Bf B} - Bf!
M=|0 0 B - B!

0o 0 o0 -+ B!

Differentiating at zero and using that S,(g, d/9x)(0) = 0 we get

oo

ox

D(Sk(f, &—i))(O) =’M(O)D(Sk(g,

where D(-) is the Jacobian matrix of the respective map.

M(0) is not singular, since A(0) # 0 and ¥ is a diffeomorphism, so
S(g, d/dx) is a submersion at 0, if and only if S.(f, d/dx) is also a
submersion. |

LEMMA 6. Let ¢:(R,0) > R be a function of order k at 0 and f a

deformation of ¢.
fis r-versal if and only if S, (f, d/9x) is a submersion at 0.

Proof. A deformation is versal if and only if it is infinitesimally versal.
(See [4]) In the case of right-equivalences, this means that each germ «,
can be represented as

a=oh + Sc.f,

where h is a function germ and each ¢; is a real number, and f;, =

(af/ ), 0).

In a neighborhood of 0 we can write
fi(x) = Pi(x) +x*'r(x)

a(x) =P(x) +x""1r(x)

k

¢(x) = x""py(x),

where P, and P are polynomials of degree not greater than k& — 2.

Using this notation, we have that f is r-versal if and only if for each P
and r there exist real numbers, ¢;, and a function A such that in a
neighborhood of 0,

P =3P,
r=@h + 2cr,.
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For every collection {c;}, the second equation is always true because
¢,(0) # 0, so the r-versality of f is equivalent to the fact that {P}
generates the space of polynomials of degree not greater than k — 2,
which means that the matrix

af of
- 0 cen - 0
&m( ) (mm( )
8k_l.f o';k—if
W(O) m(o)

must have rank k — 1.
This means that S,(f, 3/dx) is a submersion at 0 because ¢ is of order
kat0. 1

Proof of Lemma 4. Without loss of generality z =0 and H = d/dx.
This is because the operator S, and the concept of a k-regular impasse
point do not depend on the coordinate system.

If 0 is a k-regular impasse point, in a neighborhood of it, fo ¥~ ! = af,,
for « and ¥ satisfying the hypothesis of Lemma 5, using this fact, we have
that the triple (f, d/dx, 0) satisfies (4.1).

To see that (4.1) are sufficient conditions for 0 being a k-regular
impasse point, we will use the fact that two r-versal deformations with the
same number of parameters, say m + 1, f, and f, of two r-equivalent
germs satisfy

f=fov
for a diffeomorphism ¥ having the form

W(x,n)=(&(x,m), e(p)),

where ¢ :(R X R""10) - Rand ¢:(R™ % 0) — (R™,0) are smooth. (In
[4] is given a proof in the case of V-versatility, in our case the proof is
analogous.)

If (f, d/dx,0) satisfies (4.1) then f(-,0) has a zero of order k at 0, so is
r-equivalent to x* or —x*. Also, by looking at the germ of f as a
deformation, Lemma 6 guarantees that f is r-versal. Using the result given
above, we have that f = +f, o ¥ where ¥,(3/dx) = (9&/9x)d/dx), SO
0 is k-regular impasse point.

Proof of Proposition 1. Take a neighborhood of z such that S,(f, H) is
a submersion on it. Notice that for / < k, S,, (f, H) is also a submersion
because it is a projection of §,.
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In this situation, we can show inductively that

S' = [Spa(f. H)] 71(0). (4.2)

From this follows (a).

Intersecting with another neighborhood such that DY f has no zeros on
it, we get S¥ = ¢ and every impasse point is [-regular for some / < k, so
using (4.2) we get (¢). 11

To prove Theorem 2, we will use the following

LEMMA 7. Let V be the set of functions g € C* (R X R™ 1, R) such that
the germ of g at any point (x,, uy) € g *(0) is a r-versal deformation of
g, po)-

V is an open and dense subset of C*(R™,R) with the Whitney fine C"
topology.

Proof. For k <m let V, be the set of functions g such that 0 is a
regular value of S, (g, d/dx), and let V, ., be the set whose elements are
the functions g such that S,,,,(g, d/dx) is always different from O.

Using Lemma 6, one gets that

m+1

V=N V.
k=1

Each V, is an open set; we do not prove it because it is a particular case
of the next theorem.

To show that V, is dense we will use the Thom Transversality Theorem
(see [4].

Take coordinates of the space of m jets J"(R™, R) such that j"f(z) is
represented by

(le---:zmrpor---vp(lil ..... im)’---lp(rg ..... O,m))'
where p( . =(3'f/dzp -+ dzipNz) and [ =iy + -+ +i,,.
For each k € {1,...,m} let C, be the submanifold of J"(R™, R) given
by equations
Po = 07P(11,o ..... 0 — 0,... 1P(kk7—11,0 ..... 0 — 0
and C,,, , given by
P(ll,o ..... 0 = 0""7p(’7n,0 ..... 0 — 0.

We have that, for k£ < m the set of functions such that j™f is transversal
to C is V,, and for k = m + 1 itis contained in V,,_,, so V is dense. |
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Proof of Theorem 2. Openness. We claim that A is a finite intersection
of open sets with the C™ fine topology of C*(M,R) X X*(M).
Using Lemma 4 we get that

m+1
A= A
k=1
where A, . ; is the set of pairs (f, H) such that S,,_,(f, H) has no zeros,

and for k € {1,..., m} the elements of A, are the pairs (f, H) such that 0
is a regular value of S,(f, H).

Using that M is paracompact, one gets that M is the locally finite union
of a family of compact sets {Q,} such that each Q, is contained in a
coordinate system.

A, is open if and only if the restriction of each pair (f, H) € A, to Q,,
forms an open set with the C™ topology for pairs (f, H) defined on Q..

For k < m, this set is open because it is the inverse image of the set of
functions greater than zero under the continuous operator

O 1 €7 (Lo BR) X X*(Q,) —» C(Q.. R)

k-1 ) se(fLH ’
(f H) > ¥ (Df) + Z(j((z(;z))) |

i=0
9z, , '
illeqq,..., kY, je{l k}

where
(Gq,...,Gy) B

= det
Iz 2;)

For k = m + 1, the proof is analogous.
Density. First we will prove that if M is a manifold that admits vector
fields with no zeroes and H is one of those vector fields, then the set

By ={fe C(M,R) | (f,H) € A}

is dense in C*(M, R).

For each z € M, take a chart ¢ of M at z defined on a neighborhood
such that ¢, H = d/dx.

Notice that f € C*(V,R) is in B}, if and only if the germ of fo ¢! at
each point (x,, o) of (fee 1)7*0) is a r-versal deformation of
oo tC, po)

Consider the operator

0:C*(V,R) = C*(e(V),R)

frofeoe
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This operator is an homeomorphism with the Whitney fine topology (see
[5]), so it preserves density. It follows from Lemma 7 that Bj; is a dense
subset of C*(V, R).

With the usual techniques and using the fact that B} is open, we can
extend this result to M. To do this, first check that for every compact
subset K of M, the functions whose restrictions to K are in BX form a
dense subset of C*(M, R). This implies that B}/ is dense.

Now we will prove that for any manifold M, A is dense. Take N and M
open sets of C*(M,R) and X*(M), respectively. Let H € M be a vector
field on M with isolated zeros given by {z;}, and f a function in N such
that f(z,) # 0.

Let M= M\{z} Since H has no zeros on M, we can take g €

C*(M,R) N B} arbitrarily close to f|s, we can suppose also that z; is not
an accumulation point of g~1(0). B

Notice that the condition that g € B}/ just depends on the germs of g
at the points in g~*(0), so we can perturb g in a family {}} of disjoint
neighborhoods of each z,, that does not intersect g~*(0). This perturbation
can be chosen in such a way that it can be extended to a function f on M
which is in N and has no zeroes in UV, Clearly, in this situation
feBY nN.

The technique to carry this out is to choose, for each i, a function
A; € C*(M, [0, 1] with support contained in V;, which is equal to 1 in a
neighborhood of z;, and take

F=3Af+(1-M1)g.

The fact that g is sufficiently close to f guarantees that FH0) = g~ X0),
so(f,H)e(NxM)NA. 1

Proof of Theorem 3. Before starting the proof, we will give a characteri-
zation of the fact that two triples on R™, (f, d/dx,0) and (f, 9/dx, 0), are
path-equivalent.

Let

t(x,y) = /Oxf(s,y)dsy

where x e Rand y € R"!

t, can be interpreted as the time that takes the point (0, y) to go to the
point (x, y) by the flow of the vector field (1/f)(d/dx) (at least if f does
not change sign).

It is obtained immediately that (f, d/dx,0) = (f, 3/dx,0) if and only if,
in a neighborhood of 0,

te(x,y) =tf(¥(x,y)) +h(y),
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where ¥ :(R™,0) — (R™,0) is a diffeomorphism such that ¥, (d/dx) =
Md/dx) and h is a function defined on R™ 1.

With this observation, we will begin the proof.

Let z be a k-regular impasse point of (f, H). Without loss of generality,
we can suppose that M =R™, z=0, H=J/dx and f= af, for a
function « with «(0) # 0.

Let us denote by T the function of R™*! defined by

T(x,y,8) =t,(x,y) +s.

T satisfies that 7(-,0,0) has a zero of order k at 0 and S, , (T, 3/ dx) is
a submersion at 0. To prove the last fact, observe that

Dt (0) 1
D(Sk“(T’a_(jc))(o): Dsk(af:, )(0) 0

and we know, by Lemma 5, that S, (af,, d/dx) is a submersion at 0, so
applying Lemma 4 we have that the germ of T is a r-versal deformation of
T(-,0,0) which is r-equivalent to x**! or —x**! (depending on the sign of
a(0)).

The germ at 0 of the function
T(x,y,8) =t;(x,y) +s

is also a r-versal deformation of x*** /(k + 1), so there exists a diffeomor-
phism ¥:(R™"10) - (R™**0) such that ¥,(d/dx) = XNd/dx), and
locally

T,=T¥V or —T,=T-¥ (4.3)

depending on the sign of «(0).
Now, let W be defined by

W(x,y) = (Vi(x,,0),¥y(y,0),....%,(y,0)),

where ‘If is the ith coordinate function of V.
V¥ is a diffeomorphism at 0 because ¥ is one and (9, , ,/dy,X0) = 0
and (3%, , /9x)0) = 0 (this can be obtained by differentiating (4.3)).
Also, the germ of W at 0 satisfies that

+f(x Y)_t °\If(x Y)+ m+1(:0)

so the theorem is proved. |
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